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Abstract

Merton’s portfolio optimization problem is a well-renowned problem in financial
mathematics which seeks to optimize the investment decision for an investor. In the simplest
situation, the market consists of a risk-less asset (i.e. a bond) that pays back a relatively low interest
rate, and a risky asset (i.e. a stock) that follows a geometric Brownian motion. The optimal
allocation strategy of the investor’s wealth is found by optimizing the expected utility along the
stochastic evolution of the market. This thesis focuses on several different applications of this
optimization problem. We look at pre-constructed analytical solutions and showcase the results.
We formulate simulated allocation strategies and compare results. Lastly, we approach this

optimization problem using machine learning, specifically, by training neural networks.
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Introduction

Merton’s portfolio optimization problem is a well-renowned optimization problem in
financial mathematics, named after Nobel laureate Robert Merton. In the simplest scenario, this
continuous-time finance issue revolves around finding the optimal investment decision for the
investor, who only has two possible options of investment. One is a risk-free asset (i.e. a savings
account, or a bond) which usually pays back a relative low rate of interest. The other is a risky
asset (i.e. a stock, or real estate) whose price is assumed to follow a geometric Brownian motion.
Assuming the investor has a limited amount of time, the problem’s goal is to maximize the personal
expected utility gained from consuming the portfolio’s wealth. The consumption pattern of the
investor may vary. The process involves modeling a market and finding the optimal allocation of
wealth between the risk-free asset (bond) and the risky asset (stock). We can then use a utility
function to model the investor’s attitude towards the confronted risk of investment, which when
optimized, will allow us to, both, maximize the final/consumed wealth, and simultaneously control
the risk of losing money.

The model can be considered a continuous-time market model, meaning the capital can be
re-balanced at any moment before time has run out. In other words, wealth allocation can be
switched between the different assets without an additional cost. It is also assumed that the assets
can be sold or bought arbitrarily at any time. Lastly, the investor only gets information on current
prices.

Merton formulated this problem in 1969 and solved it in 1971 using a stochastic optimal
control approach. The value function of this optimization problem could be solved using dynamic
programming, by deriving a nonlinear partial differential equation referred to as the Hamilton-

Jacobi-Bellman (HJB) equation. This equation, however, is impractical to solve analytically



considering its nonlinearity. For special cases, however, a utility function can be considered in the
constant relative risk aversion (CRRA) class, such as logarithmic or power utility, which is useful,
because, for these cases, the optimal strategy is to keep a constant fraction of the current wealth in
risky assets.

The goal of this thesis is to understand the applications of Merton’s portfolio optimization
problem and approach it using several different methods. We will look at pre-constructed
analytical solutions and showcase the results. We will formulate simulated allocation strategies
and compare results. Lastly, we approach this optimization problem using machine learning.

The machine learning algorithm that is considered is a simple neural network system.
Neural network systems are trained algorithms that run input values through a series of hidden
neuron layers which eventually lead to a predicted output value. This process will require
stochastic gradient descent implemented in the backpropagation of the system training since we
do not work with pre-labeled training data. The goal will be to predict the best allocation strategy
from running current wealth through a trained neural network.

Theoretical Background on Bellman’s Dynamic Programming Principle

Before we can tackle the optimization problem, we must establish a framework where
stochastic control is used. The primary contribution of this thesis will be in the application of the
model, but we will take the time to construct the mathematical theory as similarly seen by [Tikosi,

2016] and [Aboagye, 2018]. This presentation does not contain any new developments but solely

serves the purpose of presenting a concise review.
BROWNIAN MOTION
Let us start building the basic ideas of stochastic finance, by following the work of

[Karatzas and Scheve, 1998] and [Steele, 2001].




Let us consider a probability space (Q, F,P), with filtration (F,)efor- We assume the
filtration is right-continuous and ¥, contains all the measure O sets. Let T > 0 be a non-random
terminal time, and (W, ) (o7 denote a Brownian motion, which is a stochastic process.
Definition: A process W = (W, ) (o) is 2 P-Brownian motion if it is F,-adapted and it satisfies

1. W is continuous with W, = 0,

2. W, —W,is independentof 7,0 < s <t <T,

3. Forany finite0 < s <t <T,W, — W,~N(0,t — s) under the probability measure P.
We can also denote a vector of higher dimensional Brownian motion:

W, =W, ... W'

where the W' are independent Brownian motions, all adapted to the same filtration F. This is
essential in modeling volatility, or in our case, the fluctuation of how a stock would act in a market
setting.

Remark: The expected value of Brownian motion W, at any time t is zero, that is, E[W,] = 0,
and variance is t, Var(W,) = t, since W,~N(0,t) when s = 0. Although not practically relevant
for this thesis, we still note that if running time would be left indefinite, then the variance would
also run to infinity.

STOCHASTIC CONTROL

We must then introduce basic stochastic control theory based on work by [Sal3, 2006]. We
will consider Itd processes, which satisfy stochastic differential equations driven by Brownian

motion. We have the stochastic differential equation:

dX, = b(t, X,)dt+ o(t, X,)dW,.



By stochastic Picard & Lindelof theorem, this equation has a strong solution when drift
b:[0,00) x R"™ - R™ and diffusion coefficient g: [0,00) X R™ - R™ ™ satisfy the following for
al0 < s,tandx,y € R"
Il b(s,x) =b(t,Y) I +1la(s,x)—at,y) I <Ky —x Il +]t —sl|)
I b(t,x) 12+ 1a(t,x) IS K2(1 +1l x II?)
for some positive constant K.
Definition: An F-progressively measurable process (u)¢or With values in some set U & RP
is called a control process. An n-dimensional process (¥;) o) controlled by u, if it is defined
by
dY, = b(t, Y, u)dt+a(t, Y, u,)dW,
where Y, = y,,
b:[0,T] x R" x U - R"
0:[0,T] X R™ x U - R™™,

and (W, ) ¢¢(o.r) denotes the m-dimensional Brownian motion.

The optimization objective is
T
G600 = B[ 906 X u)de + (T XN =
t

We can denote an admissible set of controls by A (t, x) which contains all the controls that fulfill
the following:
1. The control process u = (Ug) e, 15 progressively measurable with values in U and
T
E[f] 1lul[2ds] < oo

2. The stochastic differential equation describing the controlled process has a unique strong

solution (X¢) e, With X, = x and



E,, [sup Il X, IIZ] < oo,

t<s<T
3. The optimization criterion J(t, x, u) is well defined.
Our goal is to maximize the value function of the control problem defined by

V(t,x) = sup J(t x,u).
weA(tx,)

We must find the optimal value V' (0, x,) and the optimal control strategy u”, from which this value
is obtained.
DYNAMIC PROGRAMMING

We will be using what we call dynamic programming to break down the optimization
problem into smaller sub-problems to be able to achieve the best overall optimum. We will briefly
go over how this method works and will apply it to the portfolio optimization problem later in the

thesis. We construct the theory similarly done by [Tikosi, 2016]. To use dynamic programming,

we must define a specific optimal substructure. We use the Bellman Principle. To this end, we

introduce the value function:

&y
V(t,x) = sup E,, U (s, X¢,ug)ds +V(t,, X)
t

UueA(tx)
The Bellman principle is used to solve optimal control problems by isolating part of the whole
optimization problem. An optimal control on an interval ([t, t, ] in our case) will remain optimal if

we continue optimally at t;. We can then continue by applying 1td’s formula to V (¢,,X }‘1 ) if the

wealth process has sufficient smoothness properties. We then end up with:



ty
V(t,x) = sup E., [ Y(s, X u)ds +V(t, X,)
weA(tx) t

tl tl
+ f V,(s,X.)(D,V(s, X)) b(s, X, ug)ds + f (DV (s, X)) o(s, X, ug)dW,
t t

1 [t
+ E,f tr(D,, V(s, VS))TO'(S, X us)a(s,Xs,us)TdWSl
t

The expectation of | ttl(DxV(s, X s))TO'(S, X,, ug)dW, is 0, considering it is a martingale. We can
also use notation a(s, X, uy) = o (s, X, u,)o(s, X, u,)" for the diffusion matrix. Applying this,

we obtain

tl
V(t,x) = sup Et'xl Y(s, X u)ds +V (¢t X,)
wueA(t,x) t

tl
+ f Vi (s, X)(D,V (s, X)) b(s, Xs,ug)ds
t

1[4
+§J tr(D,,V (s, Vs))Ta(s, X, uy)dW,
t

We then subtract V (t, x), divide by (t — t,), and let t, tend to . We also take the supremum and

limit after checking if taking the limit can be interchanged with the expectation. Taking the

conditional expectation when X, = x, we know V (¢t, X,) = V(t, x). Consequently, we end up with

0 =sup|p(tx,w) + V.(t,x)+ (DxV(t,x))Tb(t, X, U) +%tr((DxxV(t, x))a(t, X, u))]

uel

From here, we can define a differential operator that depends on u:
1
LYf(t,x) =V.(t,x) + (Dxf(t, x))Tb(t, x,u) + Etr((DxxV(t, x))a(t, x,u))

Meaning we ultimately end up with:

0 = sup[yY(t,x,w) + L*V(t, x)]

uel



We refer to this equation as the Hamilton-Jacobi-Bellman equation (HJB). With this, we derived
a necessary condition for the value function V.
MODEL

We continue the work of [Karatzas and Scheve, 1998] and [Steele, 2001] to model an initial

market. The initial market model will consider a simple portfolio, where the investor has a base
initial wealth which can be partitioned and invested into a market with two separate types of
investment assets. A model like the one being constructed is called the Black-Scholes model. One
type of investment will be a single low-risk bond with evolving prices which can be denoted by
dB, = B,rdt
where B, = 1,
meaning B, = e"".
The other type of investment will be a stock with fluctuating prices
dS, = Diag(S,) (udt + odW,)
where S, = s, > 0,
with drift u € R, volatility ¢ > 0,
and W is an m-dimensional Brownian motion. We can then use It6’s formula to derive the explicit

solution to the stochastic differential equation:

0.2
S = Spexp <u—7>t+aWt .

We can also point out that this type of process is also said to follow a geometric Brownian motion

and follows constant drift.

2

Remark: Considering the definition, S, = S, exp ((u - a?) t+ 0Wt>, which is dependent on W, ,

with the strength of the stochastic Picard-Lindelof theorem, S, is considered an It6 process. This

7



means that with a probability of 1, the path is continuous with finite variance at time ¢ provided S,

has a finite variance. Like with the definition of Brownian motion, although not practically relevant
2
in this thesis, we note that the variance of S, goes to infinity as ¢ goes to infinity, unless u < 07

If the investor begins with initial wealth x, then the wealth at time t can be said to be modeled by:
dX, = NZdB, + N7 dS,
where X, = x, > 0.
Here, NZ and N; represent the possibly fractional number of assets (bonds and stocks
respectively) that are held by the investor at time £. N2 and N} are non-negative and we assume
that the wealth is also always non-negative, meaning
X(t)=0for0<t<T.

Now that we have a general procedure as to how to build a market model, we introduce utility
which allows us to find the optimal market allocation that will maximize theinvestor’s satisfaction.
Utility

Utility is an essential concept to define in Merton’s portfolio analysis. General economic
utility is defined as the satisfaction gained from taking an action or consuming a product. In our
case, utility represents the personal satisfaction of an investor from the outcome of their
investment. This can be represented by utility functions that describes the pattern of utility gained
from consuming wealth.

To begin constructing utility functions, we need define several assumptions. First, we shall
assume that the investor is risk-averse, meaning the investor will act on investments which are in
his favor, choosing a more predictable low-return investment over a risky high-return investment.
This implies that we are looking at a strictly concave utility function, since the utility of an action

will outweigh the demand of the action. Secondly, we assume that the investor will always benefit
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