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Beundary Value Problems for
Konlinear Differentiel Equations

Mght Ve Sulmp, PheDe.
University of Nebraska, 197%

Advisor: Allan C. Peterson

In this work we consider the differential equation

W ™ a3, v, ¥

where we assums that £ is cantinucus on [x,3) X R* and
that solutions of initial value problems are unique and
extend throughout [«,3 ). In scme cases we will assume
that solutions of the equation (1) satiefy a certain compactness
condition and in scme éases we will assume local uniqueness
of solutions of boundary velue problems for ths equation (1).
We begin by defining the boundary value sets
S(y(x); xiil,...,’ikik,...,xmim). We show that these boundary
vale sets satisfy certain set thearetic preperties and
subsequently use these boundary value sets to obtain several
uniquaness implies existence rssulis for boundary value
problems for the equatien (1).
Finally, we consider extremal solutions for the nonlinear
eguatien (1). In particular, we are able to cbtain some
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generalizations of & result due t6 To L. Sherman to the

noenlinear case.
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i. Intreduection.

We will consider the following nenlinear differsntial

equation in this work:
(1.1) y(n) = f(xe Vs Fiseoes y(nhi))

where X €I =[x, B), (<B 2+ @,
The following assumptions are assumed to bs satisfied
throughout this work:

(A) £ is continuous on[«, 3) X R", and
(B) solutions of initial value problems (IVP's) are unique
and extend throughout[« ,(3).

Definition 1.1. We say that y £ C"[x, ) has an
(11s-++5iy)-distribution of zeros, 0 < 4 < n,

n A

R%I i, = n, on[e, d] < [x,B) provided there are points
CE£Xy < aen( X, =4 such that y(x) has a zero of order

at least ik at xk. k= igoo-'m.

Definition 1.2. Let R =§r > t: there exist distinct
solutions u(x) and v(x) of equation (1.1) such that u(x) - v(x)
hes an (ijye.e,ip)-distribution of zeros, 0 = 1&-‘- n,

n

kZ-1 Lo on, on[t, r]) IZR # ¢ set Ty ganay (8 = inf R.

If lt) = +&,

Em ¢. sgt rii...im(
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Al

S Aéo If ¢ igi £ seo <KE £ rii' 'im(t) < +00, then
solutiene of eguation (1.1) satisfying the boumdary conditicns

(1.2) 3 § C., £ RY @ (-oy 00);

Joly

13 = 19”‘915 H 3 o igoaepﬁ

when they exist are unique.

Equatien (1.1) along with boamdary conditions (1.2) is
called an (iie..,,in)-abmmdary value proble= (BVP) and will
be referred to in this paper as the (ii,...,iﬁ)-BVP (1.1), (1.2).
In the lineer case it is well known that if ¢ < %) < ovo < X <
ril'".ia(t)ﬁ +0o, then for the given linear eguaticn there
alwayq exists a unique solution satisfying the boundary conditions
(1.2). Uniqueﬁoss impiies existence resulte of this type
for the nonlinear case is the main cemem of Chapter 2 of

this worlk,

Definiticn 1.5, The first conjugate point ’71 (t) for the
nonlinear equation (1.1) is defined by

7, (t) = min (t): 3 -
1 irii"'in ) ks-j_ ik ng
Definiticn 1.5, If I is an interval and I < [ «, 1)

then we ssy thet I is an interval of disconjugacy for equaticn (1.1)
prdvided there do not exist distinct solutimms y(x), s(z) of
equation (1.1) such that y(z) - s(x) has at least n gercs,

counting =xltiplicities, &a I. It is clear fircs Definition 1.4
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3
‘that if I C [¢, 77(t) ) then I is an interval of discenjugacy

and thet [t,7,(t) ) is 2 maximal half epen interval of
disc@jugacy.

Bemark 1.6. I% is pessible that ’}71(t) = ¢ for the nenlinear
squatien (1.1). PFer example, if n = 2 and wo cengider. the eguatien

¥ ==y

it was shown in [ 11] that for this equatien 7,(t) = ¢ gor

ell t. However, if f satisfies a uniferm Lipschits conditien
with respect to ¥, ¥',e.., y("”i) on cesmpact subintervals of
[%s3), then, using estimates fer the Green's functien 4

and the fact that 7(t) = ry . 4(t),[3 ], ene can use stendard
fixed point arguments te prove that 7;(t) > ¢ for all t ¢ [xs B)
In particnlarg if equatien (1.1) is a linsar differential
squatien, then, as is well knewm, ’71('&) >t fer all t.

Sens of the results ef Chapter 2 and Chapter 3 of this werk
require the hypsthesis ﬂxe.t;’771(t) >t fer seme t £ [, 3).
Later in this imtreductien esti.mates_fer beunds en the Green's
functien fer the (n=1,1)-BVP (1.1), (1.2) and standard fixed
peint arguments will be used to preve that rn-i,:.(t.) >t for
all t £ [«,3) in a special case. In partioular we will
acsume that £ satisfies a unifers Lipschits oenditien with
respect to y, ¥',..., y(n-»l) éa oach cempact subinterval

of [x, 3) and establish lewer beunds fer Tpe1,1(t).
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4
o 1.7 Let y(z) be 2 solutien of equatien (1.1) and

let X <t Ry eeel EE<(3° Define

1 X i
S(y(x)s xii,...,zik,.,.,xf) =
(1, <1)
fu = (%) : w{x) is a solutiéen of equaticn (1.1) such
that '
(lj (lj)
u (xJ) oy (xj) . 13 = 0,...,13-1; Jeleee,my 3#k
(r) (1)
a lk (31{) =y lk (3}‘) ’ lk - oo'°°'1k°2

(if 1, = 1 there is no boundary condition atxk)},

If the suparacript ij is 1 then the suparscript will be
omitted and understood to be 1.

Leto&s.zl<x2<(3mlety(x) be a solmtion of
(1.3) ¥ = 2z, 7, ') .

The set S(y(z): Xqo §2) is a connected set. To see this let

d(2) = u,(x;) where u,(x) is the solutien of equation (1.3)

guck that n;,(xl) = y(xi) and u;(xi) = 2. It follows by condition (B)
that $(2) 18 a continuous functien of ). Therefore

S(y(x); %y 32) a¢(Ri) mist be & connected set. The following
We shows that by the proper sslestica of f£(x, y, y') fer
equation (1.3) we can dstermine S(y{x); x4, ?._Z,) te ba anv open,

half -open or closed interval.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Example 1.8. Let a < b and define £(x, y, 7') by

“y+b s ¥72b
f(39IY9 y') = 0 0 (a+b)/2 <y<b
v+ (a+Db)f2 ,y<(a+D)f2

Fer the sslatimn y{x) = b of equatien {i.3) we have that
S{y(z); 0, %) = (2, B] . To see this we let u;(x) be the
soluticn of equation (1.3) such that u,(0) = b and u!(0) =1 .
I£ » > 0 then uy(x) = b +einx and uz(n') =b. If2<0 and
b+amz(a+b)f2 ( (a=~Db)/2rs 3 £ 0) then u,(x) =b +3x
for x ¢ [0, 7] and u,(7) = b +a7. Hence

[(a+ b)/z. b < S(y(x); 0,7). If b+a7 < (a+b)/2

(2 < (a = b)/2m) then for x £ [0, 7]

. () b+Ax - s 0£x% (a=b)/22
2 (a+b)/2 + 2sin(x - (a=b)/22) , (a=b)/2) <x < T

and hence
u,(7) = (a+b)/2 + Asin(7 - (a=b)/21) _
= (a4b)/2 + ((a~b)/2)( 2»/(a=b))ein({a~b)/22).
It .folloas- that u,(7) is a centinuous monotonically increasing
function of A for » < (a<b)/2T and that |

a‘.'ia@a,,(?) = (a#2)/2 + (e~b)f2 22 .

This argument has established that for the solutien yiz)=5b
of equation (1.3) we have S(y{(x); 0,1/';') = {a, b] .
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- If 2=z, ¥, ¥') is defined by

-y + (ath)/2 |, 3y 2(atb)/2
£z, 7, ) = {0 o 8 ¢ ¥ < (a4b)/2

¥ + & s ¥ Lea

then in an analogous way we can show that for ths solutien
¥(x) = a of oquaticm (1.3) we have S(y(z); 0, ) =[a, b).
If £(2, y, ¥°) is defined by

<y + (&i3b) /% , y 2 (a+3b) /4
£z, yoy') = ! O ,_(Ba+b)/4 <y < (a+3b) /4
=¥ + (Gatb) /4 , ¥ £ (Gasb)

then for the solution y(x) = (a+b)/2 of equation (1.3) we
have that S(y(x); 0,7) = (a, b).
If 2(x, y, ¥') is defined by

=y + (b/m)x , y2(b/mx
£(x, y, y') = } 0 o (/M) <y < (b/a)x
‘ -y + (a/mx , y< (af/m)x

then for the solution y(x) = (a/m)x of equation (1.3) we

have that S(y(x); 0,7) = [a, b] . To see this we let u,(x) bs
the solution of equation (1.3) such that u,(0) = 0 and

ui(0) = ). If afy €2 < bfy we have that u,(x) =jix and
(M =2T. I£4 > bfr we have that u,(x) =

|
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




