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ABSTRACT

The e l a s t i c  t he r ma l  s t r e s s e s  i n  t h i c k  c y l i n d r i c a l  and 

s p h e r i c a l  s h e l l s  w i t h  i n t e r n a l  hea t  g e n e r a t i o n  have been 

s t u d i e d  a n a l y t i c a l l y . Dimension 1 ess s t r e s s  f u n c t i o n s  have 

been deve loped .  The computer  genera ted  graphs  f o r  t h e  s t r e s s  

f u n c t i o n s  f o r  v a r i o u s  o u t s i d e  t o  i n s i d e  r a d i i  r a t i o s  ( 1 . 2 5  < 

Ro = r ^ / r . ,  < 3 . 0 )  are p r es en t ed  t o  f a c i l i t a t e  c om pu t a t i on s  

o f  t h e  s t r e s s e s  a t  any r a d i a l  l o c a t i o n  o f  t h e  s h e l l .

In o r d e r  t o  make compar i sons  w i t h  t he  s o l i d  c y l i n d r i ­

ca l  and s o l i d  s p h e r i c a l  cases w i t h  i n t e r n a l  heat  g e n e r a t i o n ,  

t he  s t r e s s e s  f u n c t i o n s  f o r  them,  have a l s o  been deve loped and 

p r esen ted  g r a p h i c a l l y .

The l o c a t i o n  f o r  t h e  maximum v a l u e  o f  t he  d i me n s i o n -  

l ess  s t r e s s  f u n c t i o n s  f o r  a p p r o p r i a t e  cases has been d e t e r ­

mined and shown on t h e  g r aphs .
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INTRODUCTION

The i m p o r t a nc e  o f  t h e r ma l  s t r e s s e s  as t he  s i g n i f i c a n t  

and o f t e n  dominan t  d e s i g n - f e a t u r e  i n  t h e  s t r e s s  a n a l y s i s  and 

t h e r m o - m e c h a n i c a l  des i gn  o f  p r e s s u r e  v e s s e l ,  n u c l e a r  power 

r e a c t o r  and more c o n v e n t i o n a l  heat  t r a n s f e r  equ i pmen t s ,  i s  

w e l l  r e c o g n i z e d .  The d e t e r m i n a t i o n  o f  t he r ma l  s t r e s s e s  in 

a d d i t i o n  t o  l oad  s t r e s s e s  f o r  t he  systems i n  wh ich severe  

t e m p e r a t u r e  g r a d i e n t  e x i s t s ,  i s  e s s e n t i a l  f o r  t h e i r  des i gn  

f o r  adequate  s t r e n g t h .  N u c l e a r  s t r u c t u r e s ,  such as n u c l e a r  

f u e l  e l emen t s  and assemb l y ;  and bod ies  heated by e l e c t r i c a l  

i n d u c t i o n  h e a t e r s  a re  s u b j e c t e d  t o  t h e r ma l  s t r e s s e s  w i t h  

i n t e r n a l  hea t  g e n e r a t i o n .  I f  f r e e  expans ion  o r  c o n t r a c t i o n  

o f  a l l  t h e  f i b e r s  o f  a body i s  p e r m i t t e d ,  no s t r e s s  i s  

caused by t h e  change i n  t e m p e r a t u r e .  However ,  when t he  temp-  

e r a t u r e - r i s e  i n  a homogeneous body i s  no t  u n i f o r m ,  d i f f e r ­

en t  e l ements  o f  t h e  body tend  t o  expand by d i f f e r e n t  amounts 

and each e l emen t  expands by an amount p r o p o r t i o n a l  t o  t he  

l o c a l  t e m p e r a t u r e - r i s e .  Thus ,  t h e  v a r i o u s  e l ements  e x e r t  

upon each o t h e r  a r e s t r a i n i n g  a c t i o n  r e s u l t i n g  i n  c o n t i n u o u s  

un i que  d i s p l a c e m e n t s  a t  e ve r y  p o i n t .  The system o f  s t r a i n s  

produced by t h i s  r e s t r a i n i n g  a c t i o n  c an c e l s  ou t  a l l ,  o r  p a r t  

o f ,  t h e  f r e e  t h e r m a l  ex pa ns io ns  a t  ev er y  p o i n t  so as t o  

ensure  c o n t i n u i t y  o f  d i s p l a c e m e n t .  T h i s  system o f  s t r a i n s  

must  be accompanied by a c o r r e s p o n d i n g  system o f  s e l f - e q u i ­

l i b r a t i n g  s t r e s s e s .  These s t r e s s e s  are known as t h e rm a l  s t r e s s e s .

1
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2

Thermal  s t r e s s e s  are i nduced i n  a s t r u c t u r e  made o f  

d i s s i m i l a r  m a t e r i a l s  and s u b j e c t e d  t o  t he rma l  g r a d i e n t .  A l s o ,  

i n  t he  case o f  u n i f o r m  t e mp er a t u r e - chan ge  i n  a homogenous body 

w i t h  e x t e r n a l  r e s t r a i n s ,  t he r ma l  s t r e s s e s  are produced.

The -problem o f  e l a s t i c  t herma l  s t r e s s e s  w i t h  i n t e r n a l  

hea t  g e n e r a t i o n  i s  o f  g r e a t  p r a c t i c a l  impo r tance  i n  the 

n u c l e a r  f i e l d  and i n d u c t i o n  h e a t i n g .  N u c l ea r  r e a c t o r s  t h rough  

a cha i n  r e a c t i o n  c o n s e q u e n t l y  produce h e a t ,  n e u t r o n s ,  and f i s ­

s i on  p r o d u c t s .  P l u to n i u m  and uranium are the  most i m p o r t a n t  

n u c l e a r  f u e l s  used i n  the r e a c t o r s  and the  n u c l e a r  arms.  

C l add i ng  m a t e r i a l s ,  such as s t a i n l e s s  s t e e l  and aluminum are'  

used because o f  t h e i r  h i gh  t he r ma l  c o n d u c t i v i t y ,  i n  o r d e r  t o  

reduce the t herma l  s t r e s s e s  among o t h e r  reasons .  Some a l l o y s  

are a l s o  used,  i n s t e a d .  A n a l y t i c a l  s t udy  t o  de t ermi ne  the 

e l a s t i c  t he rma l  s t r e s s  d i s t r i b u t i o n s  i n  t he  a f o r e s a i d  s t r u c ­

t u r e s  w i l l  y i e l d  v a l u a b l e  i n f o r m a t i o n  and enab le  des i gn  

eng inee rs  t o  deve lop  c r i t e r i a  t o  avo i d  s e r i o u s  s t r u c t u r a l  

f a i l u r e  o f  f u e l  e l ements  and assembly .

Reviews o f  l i t e r a t u r e  on the  s t udy  o f  t he rma l  s t r e s s e s  

deve loped i n  bod ies  s u b j e c t e d  t o  t emp er a t u r e  g r a d i e n t  show 

t h a t  c o n s i d e r a b l e  e f f o r t s  have been d i r e c t e d  t o  t h i s  area d u r ­

i ng  t he  l a s t  two decades.  U n f o r t u n a t e l y ,  no r e f e r e n c e  o f  any 

p u b l i s h e d  work r e l a t e d  t o  t h i s  p r e s en t  s t udy  was a v a i l a b l e  i n  

the v a r i o u s  r e f e r e n c e  s o u r ce s .  Yen and K i r ms er  (1)  p r es en ted  

a s o l u t i o n  f o r  the d e t e r m i n a t i o n  o f  t he r ma l  s t r e s s e s  i n  a f i n ­

i t e  c y l i n d e r  hea ted a x i s y m m e t r i c a l l y  over  t he  curved s u r f a c e .
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3

The s o l u t i o n  i s  o b t a i n e d  by c o n s t r u c t i n g  the t h e r m o e l a s t i c  

d i s p l a c e m e n t  p o t e n t i a l  and t he  b i h a r m o n i c  Love f u n c t i o n .  Yang 

and Lee (2)  gave a s o l u t i o n  based on t h r e e  d i m en s i on a l  l i n e a r  

t h e o r y  o f  t h e r m o e l a s t i c i t y  w i t h  a p p r o p r i a t e  a p p r o x i m a t i o n s  by 

n e g l e c t i n g  smal l  t e rms and u s i n g  S t .  V e n a n t ' s  p r i n c i p l e .  

Cheung,  Chen and T h i r u m a l a i  ( 3 )  d e r i v e d  the t he rma l  s t r e s s e s  

i n  a sphere  by s up e r p o s i n g  a p a r t i c u l a r  d i sp l a c e m e n t  p o t e n t i a l  

f u n c t i o n  on Bouss inesq s o l u t i o n s .  T a k e u t i  and Noda ( 4 ) ,

Faupel  ( 5 ) ,  Timoshenko and W o in o w s k y - K r i e g e r  ( 6 ) ,  Bo ley  and 

Weiner  ( 7 ) ,  and Gatewood ( 8 ) p r e s e n t e d  the  s o l u t i o n s  f o r  t he  

d e t e r m i n a t i o n  o f  t he r ma l  s t r e s s e s ,  bu t  i n t e r n a l  heat  gen e r a ­

t i o n  was n o t  t aken  i n t o  c o n s i d e r a t i o n .  Bhadur i  ( 9 )  deve loped 

s i m p l i f i e d  d i m e n s i o n l e s s  t he r ma l  s t r e s s  f u n c t i o n s  f o r  t h i c k ,  

c y l i n d r i c a l  and s p h e r i c a l  s h e l l s  s u b j e c t e d  t o  t e mp er a t u r e  

g r a d i e n t  t o  f a c i l i t a t e  t he  des ign  c o m p u t a t i o n s .

The p r e s e n t  s t u d y  i s  d i r e c t e d  t o  t he  a n a l y s i s  and 

deve lopment  o f  d i m e n s i o n l e s s  e l a s t i c  t he r ma l  s t r e s s  f u n c t i o n s  

f o r  t h i c k  c y l i n d r i c a l  and s p h e r i c a l  s h e l l s  w i t h  i n t e r n a l l y  

u n i f o r m  h e a t  g e n e r a t i o n .  The a n a l y s i s  f o l l o w s  the  c l a s s i c a l  

app roach :  v i z . , t h e  d e t e r m i n a t i o n  o f  t e m p e r a t u r e  d i s t r i b u t i o n  

i n  t he  t h i c k  s h e l l s  due t o  i n t e r n a l  hea t  g e n e r a t i o n  w i t h  

a p p r o p r i a t e  boundary  c o n d i t i o n s ,  and the  c o n s i d e r a t i o n  o f  the 

e l a s t i c - s t r e s s - s t r a i n  r e l a t i o n s  f o r  t he  s h e l l s ,  the c o m p a t i ­

b i l i t y  c o n d i t i o n s ,  and the  e q u i l i b r i u m  r e l a t i o n s .  The s t ea dy  

s t a t e  t e m p e r a t u r e  s o l u t i o n s  a re  used t o  de t e r m i n e  the  r a d i a l ,  

t a n g e n t i a l  and,  when a p p r o p r i a t e , t h e  l o n g i t u d i n a l  t he rma l  

s t r e s s e s .
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4

THEORETICAL DEVELOPMENT AND ANALYSIS

The o b j e c t i v e  o f  t he  p r e s e n t  s t udy  i s  t o  s tudy  the 

e l a s t i c  t he rma l  s t r e s s e s  i n  t h i c k  and homogenous c y l i n d r i c a l  

and s p h e r i c a l  s h e l l s  w i t h  i n t e r n a l  heat  g e n e r a t i o n .  The 

b a s i c  gov e rn ing  e q u a t i o n s  f o r  t he t e mp er a t u r e  d i s t r i b u t i o n  i n  

t he  s h e l l s  are d e r i v e d  f i r s t  and then used i n  t he e q u i l i b r i u m  

e q u a t i o n s  t o  o b t a i n  t he  t he r ma l  s t r e s s e s .  The c y l i n d r i c a l  

s h e l l  i s  c o ns i de r ed  f i r s t .

r.j and o u t e r  r a d i u s  r Q and i n s u l a t e d  a t  t he  i n n e r  w a l l  and 

w i t h  an i n t e r n a l  hea t  g e n e r a t i o n  a t  a r a t e  o f  H pe r  u n i t  v o l ­

ume i s  c o n s i d e r e d .  The c y l i n d e r  i s  long and i t s  ends are 

c o n s i d e r e d  u n r e s t r a i n e d . The t e mp e r a t u r e  TQ a t  t he  o u t e r  s u r ­

f a ce  i s  assumed t o  be c o n s t a n t .  The d i f f e r e n c e  T o f  t empera­

t u r e s  a t  any l o c a l  r a d i a l  l o c a t i o n  and t h a t  o f  t he o u t e r  s u r ­

f ace  i s  g i ven  by

The d e r i v a t i o n  o f  t e m p e r a t u r e  d i s t r i b u t i o n  Eq. (1)  i s  

shown i n  t he  Append ix  A,  Eq. ( 5 ) .

T h i c k  C y l i n d r i c a l  S h e l l

C y l i n d r i c a l  S h e l l  ( I n s u -  
1 ated I n s i d e T

A t h i c k  c y l i n d r i c a l  s h e l l ,  F i g .  2 . 1 ,  w i t h  i n n e r  r a d i u s

2 r 2r o
2 ( 1)
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5

c o n s t ,

F i g .  2.1

C y l i n d r i c a l  S h e l l  S e c t i o n  ( I n s u l a t e d  I n s i d e )
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6

F i g u r e  2 . 2  shows t he  s e c t i o n  o f  a c y l i n d r i c a l  s h e l l .  

A x i a l  s t r a i n  deve loped  as a r e s u l t  o f  t he s t r e s s  i s  u n i f o r m  

and c o n s t a n t .  The r a d i a l  and hoop s t r a i n s  (5)  are  g i v en  by

er  = cTr ( 2 )

eh = r  (3)

The t o t a l  s t r a i n  i s  made up o f  a s t r a i n  dependent  on the

i nduced s t r e s s e s  and a s t r a i n  due t o  f r e e  t he r ma l  e xp a ns io n ;

t hus

_ 1 
eh "  E a h ~ v ( a r  + az ) ]  + a ( AT) = 7  ( 4 )

= t  -  v ( a h + „ z ) ]  + “ (AT)  = $  ( 5 )

Ez ■ {  f  ^ ( ®h ■ “ r ) l  + “ ( A T )  r &  ( 6 )

where a = c o e f f i c i e n t  o f  t h e r ma l  e x p a n s i o n ,  E = Young ' s  mod­

u l e s ,  v = P o i s s o n ' s  r a t i o .

E q u i l i b r i u m  e q u a t i o n s  (5 )  a re  g i ven  by 

da

d r  ' u r  u hr  + " CTh = 0 (7)

e r  = 3 7  ( r e h> (8 )

r  3 7  e r  + e h - s r  ’  0 <9 >

S u b s t i t u t i n g  Eqs.  ( 4 )  and (5)  i n t o  Eq. (9 )  and us i ng  

Eq- (7)  y i e l d s .
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7

F i g .  2 .2

C y l i n d r i c a l  S h e l l  S e c t i o n  ( I n s u l a t e d  I n s i d e )  
Showing t he  S t res ses
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S o l u t i o n  o f  Eq. (10)  w i t h  t he  boundary  c o n d i t i o n

o = 0 a t  t he  o u t s i d e  and i n s i d e  s u r f a c e s ,  r  = r  and r  = r . ,  r  o i
f o r  a h o l l o w  c y l i n d e r  g i ves  hoop s t r e s s  , r a d i a l  s t r e s s  a r

and the a x i a l  s t r e s s  r e s p e c t i v e l y  by the f o l l o w i n g  r e l a t i o n s
2 2c ■ i r  + r . r  raE ,1 w  1 ,oa ,  = ( -S-M— 5 / u Tr  d r  + /  T r  d r  -  T r fc)'h  1 - v  v 2 ' v 2 2r  r Q - r .  r . r i

2 2 ri r " rj o r
o = j —: (—s') (— p---------- o *  T r  d r  -  /  Tr  d r )

r  r - r • r • r •o 1 1  ' 1

—2 /  T r  d r  -  T)

( 11)

( 1 2 )

(13)

S u b s t i t u t i n g  T f rom Eq. (1 )  i n t o  Eqs.  (11)  t h ro u gh  (13)  and 

i n t e g r a t i n g  by p a r t s :

o = aEH

16 k ( 1- v ) r  

4 r . 4 In -?.)i  r  i

L r o
  '  r i  2 <r o4 “  4 r i V  + 3 r i 4 +

1

- ( 2 r 2 r Q2 4 r . 2 r 2 I n  ^  .  2 r , 2 r 2 -  2 r , 2 r . 2i o

3 r i 4 + 8 r i 4 l n  f t ) (14)
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o ,  =
aEH

16k ( 1- v ) r  

4 r i 4 l n  7 7

2 2 
-  *  r i  ( r  4

L r 0 2 -  r i Z

2 2 4
4 r i V  + 3V  +

■2 ( 2 r 2 r Q2 -  r 4 -  A r ^ r 2 In ^  -  2 r . 2 r 2 -  2 r i 2 r Q2 +

3 r . 4 + 4 r  4 In 2 , ,  2r .i  “  r  ( 4 r 0 “  4 r  '  8 r i  l n  r  }

(15)

„  -  ctEH
az "  " 16k ( l - v )

( C  -  4 r f 2 r 02 + 3 ^  ♦ 4 r f *  In (16)

S u b s t i t u t i n g  R = —  and R = —  i n  t he  above e q u a t i o n s ,
i  i

no r m a l i z e d  s t r e s s  f u n c t i o n s  F , , and F are  o b t a i n e d :

Fr  aEHr i  2
16k ( 1- v )

R - 1__

L r 2 ( r 0 2 -  1 )
( 4 R 4 I n  R ) " V 2 RV0 0 u u

R
R4 -  4 R2 I n  ^  ■ 2 R2 -  2 Rq 2 + 3 + 8 I n  Rq )

(17)
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h u E H r i

T 6 k ( 1 - v)
. R ( R 0 "  D  °  °

4 In R )  |  (2 R2R 2 -  R4 -  4 R2 In0 0 R

- 2 R2 - 2R 2 + 3 + 4 In R ) o o

(4 R,

Fz "  aE Hr . 1

16 k ( 1- v )

<Ro -
C y l i n d r i c a l  S h e l l  ( I ns u -  

l a t e d  Ou t s i de

1)

9 Rn
4 R -  8 I n  - J )

p p R
r  R -  r  R -  8 I n  40 K

( Ro4 -  4 Ro2 + 3 + 4 In  - | )

( 1 8 )

( 19 )

In t h i s  case ,  F i g .  2 . 3 ,  w i t h  t he  o u t s i d e  w a l l  i n s u ­

l a t e d ,  t he  t e m p e r a t u r e  d i f f e r e n c e  T between t he  t e m p e r a t u r et
a t  any l o c a l  r a d i a l  p o i n t  and t he  t e m p er a t u r e  a t  t he  i n n e r  

s u r f a c e  i s  g i ven  by

r o 2 l n  T,

2 2 -  r  -  r .
( 2 0 )

The d e r i v a t i o n  o f  Eq. (20)  i s  g i ven  i n  Appendix  A,  Eq. (9)  

S u b s t i t u t i n g  T f rom Eq. (20)  i n t o  Eqs.  (11)  t h ro u g h  

(13)  and i n t e g r a t i n g  by p a r t s ,  one gets

ctEH

r 16 k ( l - v ) r

4ri V

2 2 r  - r .
2 " 2 <4V  ? 7  -  3 r Q +

L r o -  r i

r . 4 ) + 2 r o2 r 2 (1 -  2 In £ - )  -

2 r . 2 ( r 02 + r 2 ) + r 4 + r . 4 ( 2 0 )
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n

{/,. T . 1 = cons t

d j
d r = 0 a t

r  = r .

F i g .  2 . 3

C y l i n d r i c a l  S h e l l  S e c t i o n  ( I n s u l a t e d  O u t s i d e )
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ctEH

h 1 6 k ( l - v ) r 2

-  2 2 r  + r .
12

■- r o r i
3 r  4 + o

4 r i 2 r 02 -  r . 4 )

2 . 2
2 r Q r  (1 + 2 In £ - )  + 2 r . ‘  ( r Q‘ r 2 ) +

3 r 4 -  r ..4 ( 2 1 )

and

aEH
1 6k ( l - v )  r  

r

8 r o2 l n  r -  “  4 r 2 + 4 r . 2  J  ^
o r  -  r  ■

<4 r o4 l n  r f -  3 r o4 + 4 r i V  “ r i 4 ) ( 2 2 )

S u b s t i t u t i n g  R = y -  and RQ = i n  t he above e q u a t i o n s ,  

no r m a l i z e d  s t r e s s  f u n c t i o n s  F^,  , and F^ a re  o b t a i n e d  as

f  ol  1 ov/s :

Fr  “  aEH r ^ 2

1 b k ( l - v )

R2 " 1 ( 4 Rn 4 l n  Rn " 3 Rn 4 +0 0 0
L r 2 ( r 0 2 -  i )

4R02 -  1) + 2 Rq2 (1 -  2 In R)

- - f  ( R 2 + R2 ) + r2  + K
R 0 R

(23)

Fh "  EHr. j2

16 k (1 -  )

Ru + 1

R2 (R0 2 - 1)
(4 R 4 In R - 3 R 4 + 0 0 0

4 Ro2 -  1) -  2 R02 (1 + 2 In f - )
o

+ ^  ( R02 " r 2 ) + 3r2 " (24)
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