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1. Introduction

Consider the second-order differential equation
(1.1) x" = £(x,x',t)
where f(x,x',t) is a real valued function defined on one

of the following regions

A = {(x,x',8) : Ix|+ [x'] < +®, a<t< Db, where a and b
are finite}

B = {(x,x',t): x|+ |x'"] < +®, a< t< +®, where a is
finite)

C = {(x,x',8) : Ix|+ |x'|+]t] < +®}.

If f(x,x',t) is defined on A we shall be interested
in finding solutions of (1.1) which are periodic on the

compact interval [a,b], and also in solving the boundary

value problems (BVP's)

(1.2) x" = f(x,x',t), x(a) =c¢, x(b) =4
and
(1.3) x" = £f(x,x',t)

it

aox(a) -:-alx'(a) C, laol + Iall >0

box(b) +byx! (b)

a4, |b l+Ibyl > 0.

For functions f(x,x',t) defined on B we shall seek
solutions of the BVP
(104) X" = f(X,X',t), X(&) = Co
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In case f(x,x',t) is defined on C we shall investigate
the existence of solutions of (1.1) which are defined for
all t with |t] < +o.

Cesari in I5] has studiéd the problem of the existence
of periodic solutions for the first-order system z' =
F(z,t), where z ¢ R*, and F(z,t) is a function from
R® x [a,b] to R® which is required to satisfy a Lipschitz
condition (L-condition) with respect to z. Motivated by
the work of Cesari in [5], Barbdlat in [2], and Massera in
[16], Knobloch in [12], [13], and [14] establishes exist-
ence theorems for periodic solutions of first-order systems
and more specifically of second order ordinary differential
equations, his method of proof being primarily beased on the
work of Cesari in [5]. A IL-condition therefore is an es-
sential hypothesis in his existence theorems.

Using a theorem of Jackson and Schrader in [10], we
are able to obtain results similar to those of Knobloch
in [14]. Our results, however, improve the results of
Knobloch in [14] considerably in the sense that we no
longer impose a L-condition on f(x,x',t).

Our most important results about periodic solutions
of (1.1) are contained in Theorems 3.2 and 3.4 and their
corollaries. We state Theorem 3.4 in a somewhat less

general form than given in the work to follow.
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Theorem: Let f(x,x',t) ¢ C(R2 x [a,b]). Assume that
there exist functions a(t),B(t) & C°[a,b] satisfying the
following properties
1) a"(t) > falt),a'(t),t), B"(t) < £(B(E),B'(t),%)
ii) «(a) = a(b), o'(a) > «'(b)
B(a) = p(b), B'(a) < B'(b)
iii) a(t) < B(E)

for all a < t < b. Further assume that there exist

functions ¢(x,t), Y(x,t) satisfying the properties
iv) O(x,t), J(x,t) are defined and continuously
differentiable on the set
w = {(x,6) s a(t)<x<B(L), a<t< b}
v) 0(x,a) = 0(x,d), U(x,a) = U(x,Db)
vi) O(x,t) < U(x,t), for all (x,t) e w
vii) the functions f(x,w,t)-—wxw-wt and

|

f(x,@,t)-—¢x®—-®t do not change sign on w

viii) O(a,t) < o' < Yla,t), O(B,t) < B' < W(B,t),
for all a < ¢t < b.
Then the differential equation (l.1) has a periodic solu-
tion x(t) such that (x(t),t) € w and P(x(t),t) < x'(t) <
T(x(t),t) for all a < t < b.
The requirement of the existence of such functions

P(x,t) and Y(x,t) has the following geometric interpreta-
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tion. If x(t) is a periodic solution of (1l.1), then the

trajectory (x(t),x'(t),t) can cross the surfaces

(x,0(x,t),t) and (x,¥(x,%),t) in one direction only.
Theorem 4.2 is our major result concerning the BVP

(1.2). Again in a somewhat less general form than to

follow, it can be stated as follows.

Theorem: Let f(x,x',%t) s C(R2 x [a,b]) be such that the

initial value problem (IVP)

(1.5) x" = f(x,x',t), x(to) = X, x'(to) = x;

is locally uniquely solvable for every 4 e [a,b]. Let
there exist functions o(t),B(t) € 02[a,b] satisfying
properties i) and iii) of the theorem above such that
either a(a) = ¢, a(b) = d or B(a) = ¢, B(b) = d. Assume
there exist functions P(x,t),¥(x,t) satisfying properties
iv), vi), and viii) of the above theorem and

vii)' +the functions f(x,®,t)-—¢x¢-¢t and

f(x,w,t)-wxw-wt do not assume the value zero
for any (x,%) € w.
Then the BVP (1l.2) has a solution x(t) such that
(x(t),%) € w and O(x(E),t) < x'(t) < W(x(L),t).
The BVP (1.3) has been studied by Ehrmann [7] and
Keller [11]. Each of these authors gives sufficient con-

ditions that the BVP (l.3) have a solution. Our result
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concerning this BVP is essentially due to Keller, who how-
ever supplies an incorrect proof. Using results concerning
the BVP (1.2) due to Fountain and Jackson [8] and Bebernes
[3], we nevertheless succeed in supplying a proof. The re-
sult can be stated as follows.

Theorem: ILet f(x,x',t) be continuous on the set A and
assume that f(x,x',t) has continuous derivatives with

respect to x and x' which satisfy g% f(x,x',t) > 0,

S%T:f(x,x'*t) < M, for some M > O and all a < t < b.

Then the BVP (1.3) has a unique solution in case ay and 215

b, and b, have the same sign and Iao|-+|bo| > 0.
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2. Preliminary Results

In the work to follow we shall always denote the
compact interval [a,b] by I and its interior (a,b) by
o C s
I°. A partition a = to < tl < t2 < eoe < tn =b of I

will be denoted by Pn'

Definition 2,1: A real-valued function F(z,t) is said

to belong to class Cp(Rm x I) in case there exists a
partition P, of I such that either F(z,t) €

C(R" x [ti_l,ti)) or F(z,t) ¢ C(R™ x (ti—l’ti]) and

F(z,t) can be continuously extended to R® x [ti_l,tij for
i=1,2yee.,n. F(z,t) is said to belong to class
cg(Rm X I), k > 1, in case F(z,t) & C*"1(R® x I) and the

th

k’" partial derivatives of F(z,t) exist and belong to

class Cp(Rm x I).

Definition 2.2: A real-valued function g(t) is said to

belong to class CD(I) in case there exists a partition
P, of I such that g(t) c[ti_l,ti) or g(t) € C(ti-l’til
and g(t) can be continuously extended to [ti_l,ti] for
i=1,2y0..on. g(t) is said to belong to class Cg(I),

k > 1, in case g(t) ¢ Ck-l(I) and g(k)(t) belongs to

1 I).
class CP( )
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The following well-known result is usually stated for
f(x,x',t) ¢ C(R2 x I). In our work, however, we shall
need this theorem for f(x,x',t) € Cp(R2 x I). We there-

fore include a proof.

Theorem 2.1: Let f£(x,x',t) € cp(32 x I). Let M > O,

N > O be given and let @ = sup |f(x,x',t)| and
a<t<b :
x|<2M

[x'|<2N

5 = min{’{%—M—‘, %i}. Then for any interval [tl,t2] C I,
with Itl*tgl < 6, and any x;, X, such that
lxg—xl/tl-tel <N, lel < M, |x2| < M, there exists a
solution x(t) of (1.1) on’ [t1,4%] with x(t) s Cole?, 451
and x(tl) = Xy, x(tg) ='x2.

Proof: ILet X = C'?[tl,tgjﬁ and for h ¢ X define

Ih)l = sup |h(t)] + sup |h'(t)]. Let H = {heX:
tlctct? tlctet®
In(t)] < 24, |h'(t)| < 2N, for all t* < t < t°). Then H

is a closed and bounded cobhvex subset of the Banach space

& -1
Define the mapping T on H in the following way. If

h € H let Th be the function which at t has the wvalue
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2
t

Th(t) = S G(t;s)f(h(s),h'(s),s)ds + £(t), where G(t;s)
tm

is the Green's function associated with the BVE x" = O,

x(t1) = 0 = x(t°), and {(t) is the linear function through

the points (xl,tl) and (xg,ta)g If now lte—tll < 8,

le—xg/tl—t2l <N, lel < M, |x2! < M, then T daps H back

into itself. For
e

t 1 .22
ITh(t)| < @ f* l6(t;8)lds+M SCG—EE—L Q + M

1

t
and v
2 2l
1(Th) ' ()| stl 16, (£58)|ds +N < === Q + N
t

which implies that |[Th(t)| < 2M and [(Th)'(t)| < &N. For

continuity of T on H it suffices to show that if {hn}gzl CH

@®

and {hn n-l

converges in norm to h, then {Thn}gll is Cauchy

in norm. Since f{x,x',t) ¢ CP(R2 X I) there exists a
partition Pn of I such that f can be continuously extended
to RS x [t;_1s%t;], and thus f has a uniformly continuous
extension to the compact set [-2M,2N] x [-Zﬁ,éﬁl X
[ti_l,ti], for i = 1,2,...,n. Hence for € > O there

exists p > O such that If(xl,xi,t) - f(xe,xé,t)l < g for
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all (xi,xi,t) with le—xel < P, Ixi—xél < P, lxil < 2M,
|x{| < &N, i = 1,2, and a < t < b. Since {h )}, is

Cauchy in norm, we have that for given p » O there exists

Np > 0 such that n,m > Np implies lhn(t)—hm(t)l < p and

In! (t)-h!(t)] < p for all t* < t < t2, Therefore if

1,232
|Th_(t)-Th_(t)| < & 7-67)"  ana

n,m >N g

p9

1.2 :
(T, (8)=(T8,) ' (8)] < & Ll mus (m)® ) is

Cauchy in norm.

We next show that T(H) is sequentially compact. Let

@

{gn}ff:l € T(H), then there exists {hn}n=

1 € H such that
. @ ®
g, = Th , for all n » 1. Both {gn}n=l and {gﬁ}n=l are

uniformly bounded families, and since gn(t) € Cg[tl,tgj
both families are also equicontinuous. Therefore by the

Ascoli-~Arzela Theorem there exist subsequences {gn }m
k k=1

and {gﬁ };31 which converge uniformly on [tl,t2]° Hence

there exists a subsequence of {gn}gll which converges
uniformly in norm. Hence T(H) is sequentially compact
and thus T(H) is compact. By a corollary to the Schauder-
Tychonoff Fixed Point Theorem, see [6; p. 456], there

exists X € H such that Tx = x. We further have that
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10

x"(t) = £(x(t),x'(t),t) at all points of continuity of
f(x,x',t), and x(tl) = Xy, x(te) = X,. Thus x(t) is the

the desired solution of (1l.1l).

Corollary 2.1: Let f(x,x',t) ¢ Cp(R2 x I). Let there
exist constants Cl and C, such that |f(x,x',t)| < C, +

1/2

Celx'l , then the BVP (1.2) always has a solution.

Proof: If C; = O = C, the tbrollary is trivially true.
Thus assume that Cl and C2 are not both zero.- Choose

M = N large enough so that |c| < M, |d] < M,

[c-d/b-a] < M, b-a S'N/ 8t l/2.and
Cl+02(2M)
2M C 1/2
b-a < 75 It follows that Q < leCZ(EM)

- Cl+02(21"1)

and hence %% > b-a and 2M/Q » b-a. Now apply Theorem 2.1.

The following result in a somewhat less general form
is due to Jackson and Schrader. The proof of the result
in the form given below requires only minor modifications
of the proof given by Jackson and Schrader [10; Theorem
3,1]. We nevertheless shall present a proof which in
turn will give us the result in the more general setting
needed in this work,

However, we first shall need the following defin-

itions.
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11

Definition 2.%: A function a(t) is said to be a lower

solution of (1.1) in case a(t) € CE(I) and a"(t) >
fla(t),a' (t),t), for all a < t < b

Definition 2.4: A function B(t) is said to be an upper

solution of (1.1) in case B(t) ¢ C§(I) and B'" (%)<
f(B(t),B'(t),t), for all a < t < b,

In the work to follow, the symbols a and B shall
always denote lower and upper solutions respectively.
The symbols w and £ will be used exclusively for the
following sets

w = {(x,t) s a(t) <x< B(t), teI}

8 {(x,x",t) : (x,t) gw, [x'] < +®}.

n

Definition 2.5: Let a(t) < B(t) for 21l t & I. The func-

tion f(x,x',t) € Cp(R2 x I) is said to satisfy a Nagumo
condition with respect to the pair a(t),B(t) in case there
exists a positive continuous function h(s), 0 < s < +m,
such that |[f(x,x',t)| < h(|x'[) for all (x,x',t) € R and
(2.1) ('GDSdS>su (t) - inf «(t), wher

° ), B(s) ” 522 P ver 0 eEe

A = max{|a(a)-p(b)/b-al, |a(b)-B(a)/b-a]}.

Lemma 2.1: Let a(t) < B(t), for all t ¢ I and
fx,x',t) € Cp(Rgxx I). Let f(x,x',t) satisfy a Nagumo
condition with respect to the pair a(t),B(t).. Then there

exists a positive constant M, such that, whenever
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x(t) € Ci(I) is a solution of (l.1) with (x(t),t) £ w.

for all t € I, |x'(t)] < M. for all t g I. ‘
Proof: ILet x(t) be a solution of (1.1) with (x(t),t) e w,
for all t € I. Let Xo = |x(a)-x(b)/b-al. In view of

(2.1) there exists a positive constant M such that

M
sds
> t) - £ a(t).

S,\ Q) supB() %ISII

There always exists to e I such that lx'(to)l = Ao. Let

|x'(t)| assume its maximum at t = tl. We may assume that
Ix'(tl)l > Ko. Several cases must be considered, depending
on whether tl < t, or t; > t, and whether x‘(tl) < O or
x'(tl) > 0. To treat a specific case, assume that tl>'to’
x'(tl) > O and x‘(to) = A, and A_ < x'(t) for t € (to,tl].

Now x"(t) < [£(x,x',t)| < h(|x'|) on [to,tlj. Hence

t

1 1] t) t(t 1 ,

gt X h<(|;' I()ldt < St x'(£)at = x(ty) - x(t,)
(o] (o]

< sup B(t) - inf «(t). Making a change of variables, we
tel tel

get

x'(tl)

% < sup B(t) - inf a(t).

A tel tel

S o]

This implies that x'(tl) < M. The other cases can be
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13

treated similarly.

Theorem 2.2: Let f(x,x',t) ¢ Cp(R2 x I), and assume there

exists a lower solution a(t) and an upper solution B(t) of
(1.1) with a(t) < B(t) for all t € I. Let f(x,x',t)
satisfy a Nagumo condition with respect to the pair
a(t),B(t). Then the BVP (1l.2) has a solution x(t) with
(x(£);t) ¢ w, for all t € I, for any c¢,d with a(a) < ¢

< B(a), a(b) < & < B(D).

Proof: Choose N > O large enough so that |a'(t)| < N,

' N sds
|B'(t)| < N, for all t € I and f h(s) > sup B(t) -
A tel
inf a(t). Define F(x,x',t) by
tel
f(x,x',t), if (x(t),8)ew, [x'| < N
F(x,x',t) = f(x,N,t), if (x(t),t)ew, x'* > N

f(x,-N,t), if (x(t),t) e w, X' <=N

2

and extend F(x,x',t) to all of R x I by setting

jm(t),x',tn (x-B(£))Y2, if x > B(t)
F(x,x',t) =

F(a(t),x',t) - (a(t)-x)/2, if x < a(t).
F(x,x',t) so defined belongs to class CP(R2 X I), and

1/2

IF(x,x',t)| < Cl+C2|x| , where
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Cl = sup{ |f(x,x",t)| : (x,t) ew, |xX'|<N} + iu}ia Ioc(t)ll/2
E
+ sup |B(t)]Y2 ana c, = 1.
tel

Using Corollary 2.1 we obtain that the BVP
(2.2) x" = F(x,x',%)
x(a) c, x(b) = 4a

has a solution xo(t) £ CE(I).

it

We claim that (xo(t),t) e w for all t € I. Assume

there exists an interval [tl,tal € [a,b] such that
xo(ti) = B(ti), i=1,2, and xo(t) > B(t) on (tl,tz)°
Let y(t) = xo(t)-B(t) on [tl,t21. Let t3 € (tl’t2) be

a point where y(t) assumes its positive maximum. We have

that y'(tB) = xé(tB)-B'(tB) = 0 and since y(t) € C;(I),

y"(t;40) = 1lim y*"(t,+h) < O and y"(t,-0) =
5 h—>0" 5 o 3

xJ(t520) = B"(5520)

i}

lim_y"Qt5+h) < 0. But y"(taio)
h->0
2 Xg(taio) -
f(B(t5>sB'<t§)9t3io)
> f(B,B',tatO) +
1/2
(x4 (65)-B(t5))1/2 -

f(B’B',tB-*O) > O,
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This however contradicts the fact that y(t) has a maximum

at tB" Hence x (%) < B(t), for all t € I. Similarly

a(t) < xo(t).

By Lemma 2.1 we further have that lxé(t)l g N for
all t € I. Since however F(x,x',t) = f(x,x',t), when-
ever (x,t) € w and [x'| < N, this implies that the

solution xo(t) of (2.2) is actually a solution of (1l.2).
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