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ABSTRACT

The monochromatic transmittance profile for paths 

along inhomogeneous atmospheres is calculated using three 

well known numerical methods. The first method employs a 

fourth order Runge-Kutta technique to solve the first order 

differential equation form of Beer's Law. The second method 

utilizes the area of rectangles to approximate the integral 

over altitude in the Beer's Law exponent. The transmittance 

is calculated by summing the rectangular areas for ahorizon- 

tally-stratified atmosphere of homogeneous layers which was 

assumed. The third method also assumes a stratified 

atmosphere of constant temperatures and absorber concentra­

tions. The method transforms the Beer's Law exponent to a 

function of pressure and integrates analytically.

The three methods are compared for accuracy at ten 

different frequencies and two atmospheric models. Errors 

as large as 4% were found in the comparison of the Runge- 

Kutta method with the rectangular area method. The pressure 

integration method was found to introduce errors as large 

as 20% when compared to the other two techniques. Finally, 

the Runge-Kutta method was found to be unstable for certain 

computations where the transmittance was close to zero.
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CHAPTER I 

INTRODUCTION

The mathematical modeling of energy transmission 

through the atmosphere at frequencies in the infrared spec­

trum has been the subject of numerous research efforts in

recent years. Reports by A n d i n g ^ ^ ,  M c C l a t c h e y ^ ^  et. al . ,
[31 [4 ]Drayson , and Pierluissi et. al., have described various

computational methods employed in determining the trans­

mittance at a monochromatic frequency to given points in a 

vertical or slant path in the atmosphere. Some researchers 

have claimed levels of accuracy ranging from .001 to .0001 

in the transmittance computation. Others have claimed no 

specific level of accuracy for their calculations. A 

Master of Science Thesis by Potter ̂  ̂ presented an accuracy 

comparison between two methods of computing the absorption

coefficient. The thesis reported that the methods of
[ 4  ]Pierluissi and Gibson compared favorably with the line-

[ 2  1by-line method of McClatchey which has historically 

been used in mathematical models. However, the report by 

Potter only partially answers the question of model accu­

racy. The real question which must be answered is "How 

accurate can different numerical methods compute trans­

mittance along a slant path?" This report will attempt to 

answer this question for three well known methods. Since 

the accuracy of computing the absorption coefficient has 

already been d e t e r m i n e d ^ ^ , the line-by-line method of
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[ 2 ]McClatchey will be employed in all three models.

The first of the three models is a fourth order

Runge-Kutta method for solving the differential equation

form of the Lambert Beer law. The method was employed by
r 4 ]Pierluissi and Gibson at the University of Texas at El

Paso. The second model is that employed by the reader of 
[2 ]the McClatchey reports from the Air Force Geophysics 

Laboratory. Basically it employs the area of rectangles 

to perform numerical integration of the transmittance
[ 4 1function. The third method is that of Drayson ; it 

utilizes an analytic solution to the integration over 

pressure. All three methods will be completely developed 

in subsequent chapters of this report.

The report will outline a computer program to cal­

culate transmittance by the three numerical methods dis­

cussed and compare the results. The work is organized into 

five chapters as follows. Chapter two discusses the at­

mospheric attenuation problem in more detail and outlines 

the method used to calculate the transmittance coefficients 

Chapter three presents the comparison of the Runge-Kutta 

method, the rectangular integration method, and the pres­

sure Integration method. The results of the comparison 

are presented in chapter four while Chapter Five is used 

for analysis and concluding remarks. Where necessary the 

basic data is supported by more complete data in appendices
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3

CHAPTER II

GENERAL THEORY OF SLANT-PATH ATMOSPHERIC ABSORPTION

2 . 1 P r e f a c e :

This chapter provides background material necessary 

in the development of a program to compute atmospheric 

transmittance of energy in the infrared frequency spectrum. 

Numerous mechanisms are available to compute transmittance 

and many researchers have taken approaches different from 

those described here. However, the theory described and 

the methods used lead directly to the comparison in question 

and hence they are covered in detail. The following two 

sections review the mathematical modeling of infrared 

transmittance to include a discussion of the Lambert-Beer 

law for molecular absorption and the theory governing the 

line shape of discrete frequency lines which absorb in­

frared radiation in the atmosphere. A study of the atmo­

sphere, presented in section 2.4, reviews the basic atmo­

spheric constituents which contribute to absorption of 

infrared radiation and presents basic quantities and at­

mospheric models which were assumed to exist for the slant 

path calculations. Finally, previous work in the area 
performed by Dr. Joseph H. Pierluissi  ̂ ̂  and Dr. Glenn A. 

Gibson at the University of Texas at El Paso, work performed 

under the direction of R. A. M c C l a t c h e y ^ ^ ^  at the Air 

Force Geophysics Laboratory, Hanscom Air Force Base,
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r 3 1M a s s a c hu se tts, and wor k done by S. R. Dr ayson J at the

University of Michigan is presented with emphasis placed on

the different computational methods for computing trans-
[2 1mittance. In the work of Pierluissi et. al., the verti­

cal path transmittance profile is computed using a fourth 

order Runge-Kutta numerical technique to solve the differen­

tial equation form of the Lambert Beer Transmittance Law.

The research of McClatchey et. a l , concentrates on calculation 

of the absorption coefficient in the Lambert Beer Law. The 

work employs a layered atmosphere and approximates the 

integral in the Beer's Law exponent by a summation of
r 3 1rectangular areas. The third research method [Drayson] 1 

employs a similar layered atmosphere approach, but trans­

forms the exponent to a function of pressure and upon 

assuming an isothermal atmospheric layer integrates the 

resulting function analytically. The transmittance profile 

is realized by summing the areas resulting from the 

pressure integration. The three research efforts will be 

further discussed in section 2.5.

2.2 Lambert-Beer Law

In general, the attenuation of radiation along a 

slant path in the atmosphere can be largely attributed to 

molecular absorption of energy at discrete wavelengths.

The general equation which quantitatively specifies the

amount of molecular absorption along a path can be derived
[ 1 ]from the Lambert-Beer Law . The Law states that the
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differential decrease in spectral intensity dl which is 

caused by absorption in a differential section of path dz 

is proportional to the length of the path dz, the incident 

radiation I, and to the concentration of the absorber p. 

Mathematically stated:

dl = K [Ip d z ] 2.2-1

where K is the constant of proportionality known as the 

absorption coefficient. Integration of equation 2.2-1 over

a vertical path from a height z  ̂ to Z 2  gives the monochro­

matic transmittance T, where transmittance is defined as the 

ratio of incoming to outgoing intensities of radiation

z 2T = exp[- / Kpdz] 2.2-2
Z 1

The transmittance equation is sometimes expressed as the 

exponentiation of the integral of the absorption coefficient 

K times the differential gas amount dU where dU = pdz. A 

closer look at the quantities defined in equation 2.2-2 

indicates that the concentration of absorbing gases in the 

atmosphere is a function of altitude and, as will be shown 

later the absorption coefficient K, is a function of fre­

quency, temperature and pressure. Since temperature and 

pressure c an be expressed uniquely as a function of altitude 

the absorption coefficient can be expressed as a function 

of frequency and altitude. Additionally, if slant paths 

are to be considered the differential absorber amount (dU) 

is modified by the secant of an angle known as the zenith
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6

angle. Consider the path lengths travelled by two identical 

rays of radiation 1^ and through differing paths in an

identical, homogeneous atmosphere from altitude z^ to as

shown in Figure 2.2-1. If ray 1^ is incident vertically on 

the absorber and gas amount is known then the gas amount

U 2  can be calculated by = sec 0

I I1

Z1

U1

z
2

Figure 2.2-1

Zenith Angle
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7

Hence, equation 2.2-2 can be rewritten more completely as:

2 2T (V , z) = exp[-sec 0 / K ( V ,z)p (z)dz] 2.2-3
Z 1

As an alternative to the numerical evaluation of 2.2-3 the

numerical evaluation of the differential equation

df(v,z) = -sec 0 [K(V,z)p(z)x(v,z)]dz 2.2-4

may be considered, which subject to the boundary conditions
[ 4 lx (V , z L) = 1.0, yields 2.2-3 as a solution

Transmittance is a measure of how much energy passes 

through a given amount of absorber. Conversely a measure 

of the amount of radiation which is attenuated is called 

absorptance, A, and is defined by

A = 1-T . 2 . 2-5

In research literature care must be taken to insure which 

quantity the author is using. In this report the quantity 

transmittance will be used, unless otherwise specified.

2 . 3 Lorentz Broadening

In the previous section it was shown that transmittance 

of infrared radiation can be described using the knowledge 

of absorber amount and a constant of proportionality known 

as the absorption coefficient. To understand the absorption 

coefficient a cursory review of molecular energy and spectra 

is necessary.

In molecular, as well as atomic particles, transitions
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8

in energy levels may occur due to either absorption or 

emission of energy at a given frequency. When an energy 

transition occurs the frequency at which it occurs is 

governed by Plank's r e l a t i o n . ^ M a t h e m a t i c a l l y

V = M  2.3-1h

where AE is the change in energy and h is Plank's constant. 

The total energy of a single molecule is a function of 

translational motion, energy of the electrons (electronic 

energy), vibrational and rotational energies of the m ole­

cule, and combinations or interactions of two or more of the 

energy types. For the purposes of molecular absorption this 

report considers only the latter three types of energy and 

their combinations. In that the energy types differ in 

order of magnitude the spectra of energy absorptions 

(emissions) vary; the electronic spectra occupy the ultra­

violet and visible, the vibrational spectra are in the near

infrared, and the rotational spectra are in the far
(9)infrared. [Zuev] Therefore modeling transmittance in

the infrared region is most sensitive to absorption of 

energy due to vibrational and rotational energies of mole­

cules along the radiative path.

The problem of molecular absorption, however, deals 

with very large numbers of molecules intermixed in the at­

mosphere. Therefore, while it may be possible in principle 

to mathematically describe the motion of each molecule in 

practice the problem is beyond solution. Therefore scien-
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tists have turned to statistical methods known as statistical 

mechanics to describe the effects of large numbers of

particles in an absorbing gas. In fact, what is of interest 

is the average behavior of the interacting microscopic 

particles rather than the behavior of each particle.

In describing the effect of energy emissions or 

absorptions caused by transitions in discrete energy levels 

of a molecule, the assumption was made that these processes 

are characterized by well-defined monochromatic frequencies. 

In reality, due to many reasons including the interaction 

of molecules within the absorbing gas, this assumption of 

monochromatic frequency absorption (emission) is not true.

The actual absorption spectra have fully defined contours 

whose shapes depend upon the conditions of the absorber 

that is its density, pressure, temperature, etc. For the 

earth's atmosphere the line shapes are determined predom­

inantly by 1) radiative damping, 2) the Doppler effect and 

3) effects of molecular collisions, ( Z u e v ) . While the 

effects of radiative damping and the Doppler effect are 

important it is significant that their effects on trans­

mittance are mainly recorded at higher levels in the at­

mosphere, levels where pressure drops below 10 millibars.

For this report only the atmosphere where pressures ranged 

above 10 millibars was considered and hence only the effects 

of molecular collision known as pressure broadening were 

taken into account.
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10

The interaction or collisions of neighboring molecules

in a gas results in a deformation of energy levels and an

absorption or emission of light. The interaction of

molecules clearly depends on the observed pressure and
[ 9 ]temperature of the gas. According to Zuev "No exact 

solution of the problem of the influence of molecular 

collisions on spectral line broadening has yet been

obtained......" Early theories of molecular-collision spectral

line broadening took only strong collisions into effect.

The best known of these theories was developed in 1906 by
t 9 ]H.A. Lorentz and is widely used today to describe the

contour of spectral lines which absorb light in a gaseous 

absorber. The mathematical representation for the line shape 

of the absorption coefficient given by the Lorentz theory is:

K(v) = f \ j  2.3-2
(v-v ) + aTo L

where S represents the intensity of the line at the line

center V and a is the half width of the line. A contour o
of the Lorentz line shape for a single absorbing line is 

given in figure 2.3-1. The half width for the Lorentz 

contour is, as expected, pressure and temperature dependent.

It is defined by the formula

a L ao P V  T 2 . 3 3o

where a is the half width under standard conditions. Standard o
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11

INTENSITY
AXIS

.5S

a.'L

axis

Figure 2.3-1 

Lorentz Line Shape
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12

conditions defined as P = 1013 millibars and T = 296 °Ko o
were adopted to conform with those outlined in "AFCRL

[ 7 1Atmospheric Absorption Line Parameters Compilation"

The line intensity S is also a function of temperature and 

for the Lorentz theory is given by:

-E T — V _o _ i 
kT T 2 . 3-4

S q is the line intensity at reference temperature and pres­

sure as given above. Qv is the vibration-partition function 

ratio for a given isotope of an absorbing gas; partition 

functions for the most abundant isotopes of the absorbing 

gas are given in table 1, Appendix A. The term

't bo
T gives the temperature dependence for the rotational

partition f u n c t i o n ^ ^ . The constant b equals one for linear 

molecules such as carbon dioxide, nitrous oxide, carbon 

monoxide, and oxygen; but has the value 1.5 for water vapor, 

ozone, and methane. The factor in the exponential is the 

energy of the lower state of the molecular transition at a 

given frequency; k is Boltzman's constant.

A review of equations 2.2-3, 2.3-2, and 2.3-3 indicates 

the varied quantities needed to define transmittance through 

an absorbing medium. Assuming that the temperature, pres­

sure, density* and path length for which the transmittance 

is desired are known; the quantities S q * reference Intensity,
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13

= base energy state, a Q = reference line half width, and

V = line center position must be defined in order to per- o
form the calculation. Fortunately, a compilation such as 

described above exists, and is available on magnetic tape 

adaptable to many computers. The compilation by R. A. 

McClatchey et. al., is discussed in "AFCRL Atmospheric 

Absorption Line Parameters Compilation" dated 26 January 1973. 

Recently, the magnetic tape has been superseded by a 1976 

version which contains more up-to-date absorption line 

d a t a ^ ^  . The calculation of the absorption coefficient 

for all numerical methods discussed in this report is done 

utilizing line parameters retrieved from the 1976 atmospheric 

line parameter compilation from the Air Force Cambridge 

Research Laboratory.

2.4 The Earth's Atmosphere

In previous sections the assumption was made that 

certain atmospheric parameters, i. e., temperature, pressure, 

and absorber concentration, were known for a given altitude. 

Based on data gathered in numerous rocket and balloon 

sounder experiments and data collected at various ground- 

based research stations, the assumption is certainly valid. 

However, variations in collected atmospheric data exist, 
and a final determination as to a specific model to use in 

testing the calculations was not easy.
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