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Abstract

Kalman filtering methods are known to be the optimal method of pro-
cessing noise corrupted‘data belonging to a linear system. In this work,
sequential and finite fading memory Kalman filter theory is develpped
and extended to the problem of estimating the operation curves in power
systems for econémic dispatch. And also to process the optical scintil-
lation data for the purpose of remote wind speed sensing numerical ex~
perimentation which is performed on field recorded power and scintilla-

tion data. The result of this experiment is quantiﬁatively and qualita-

tively analyzed.
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1.0 INTRODUCTION

Linear minimal variance filtering has been of interest to syséem
engineers since the early 1960's. Kalman gave‘a set of recursive equa-
tions for estimating the state of a linear dynamic system, provided that-
the noise statistics corrupting the system state's can be specified [1].

However, the problem of divergence can occur when these filters are
implemented [2]. To solve this problem, a filter called "Finite Fading
Memory Filter,”™ Taylor [3], is developed, which combines the policy of
"Fading Memory Filter'" of Sorenson [4] and "Finite Memory Filter" of
Jazwinski [5]. This filter provides two degrees of design freedom to
choose, namely §, a discount factor and M, the length of the memory win-
dow. The filter developed is also sequential and can therefore be used
for real time data processing.

In part one, the Kalman filter is used to estimate the coefficients
of heat rate curves of power systems for economic dispatch. Numerical
results are compared with the results obtained from the formulas used by
the El1 Paso Electric Company and that obtained by using the 4th order
polynomial curve fitting technique of Dallas Power and Light Company.

In part two, a Kalman filter is configured as a supervised learning
machine. This work leads to a recursive remote wind speed measurement
sysﬁem based upon estimates of the spectral signature of a coherent
beam propagating through a turbulent media. Nﬁmerical estimates of wind

speed are produced from field derived data and the results are compared.
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2.0 THEORY

2.1 The Kalman Sequential Filter

Let us consider a system whose state as function of time 1s an n-

dimensional discrete-time process x(k)
x(k + 1) = o(k + 1, k) x(k) (1) x(k)eE"

Suppose that we are interested in knowing the value of x(k) for some fixed
k, but that x(k) is not directly accessible; suppose further we have a

noise corrupted observation model
Sy @) = HK) x(k) + v(k) (2) v(K)eE"

and now from these observations, we wish to infer the value of x(k).
Since only the measurement y(1) . . . y(3) is available from which
to estimate x(k), intuitively, we will define the estimate of x(k) base

on j observations as
v:';c'(k/:i) =0 (y{@), 1=1, . . . J)
and also define the error measurement ?f(k/j) - ¢
:';E(k/j) = x(k) - g(klj)

where x(k) is the true state value at stage k.

Since x(k) is a random process, the problem therefore becomes:
"Given the observations y(1) . . . y{j), determine a estimate ;(k/j) -
@k(y(l), e« « ¥(3)) of x(k), such that it will minimize the objective
function E[%(k/j) ;T(k/j)]." The reason for choosing E[g(k/j) ¥T(k/j)]
is because x(k) is a random pfocesg, and we want to>minimize the variance

of the error process x(k/).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.

A set of equations was derived by Kalman [6] in 1960. These algori-

thms are listed below and it is often called Kalman filter or minimum
variance filter. First assume v(k) is a white noise précess with
E[v(k)] = 0
covv(Iv ()] = R (k) (k1)
covIx(o)v (k)] = 0

E[x(0)] = xé

Var[x(o)] = E[x(o)x"(0)] = 3 @xn) (3)

The Kalman filter algorithm:

20e/k) = TR L a0am 1™ AT - R Moy )
where

T ¢ (LK)

ACk) = |H(k-1) ¢ (k-1, k) | ' (m*k) x n
| H(K) ¢ (k,K)

Rv(l) ] ‘ Y(1)
Rv(k) = (k) = | ¢
RG] (na1) x (mek) Y0 (k) x 1

According to the assumption that V(k) is a white noise then ;(k/k) can

be accomplished sequentially as follows
x(k/K) = 6 (k,k=1)x(k-1/k-1) + k(k) [Y(k) - H(k)¢(k,k-1)x(k-1/k-1)] (5)

The Kalman gain

k(o) = P[k/k-1] H' (k) [R (k) + HGOPQe/k-1) H ()17 . ®

A priori error covariance

Plk/k-1] = ¢ (k,k-1) P(k~-1/k+1) ¢T(k.k'r'1) , N
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A posteriori error covariance

P[k/k] = P[k/k-1] - k(k)H(k)P(k/k-1) ¢8)

with initial condition x, and P(o/o) = Po'
In using this Kalman filter algorithm knowledge of the a priori statistics,
X and Po and Rv(k) for k =0, 1 . . . k are assumed to be known.

Usually if the system is stationary and Rv(k) really represent the
noise variance at stage k, for k = 0, 1 . ; . k, the estimate of x will
converge and the variance of x ~ ; (which is the error variance) will
approach the steady state value as k becomes large, If the assumptions
associated with these "a priori" statistics do not ;epfesent the actual
oﬁservatiou noise variance, then divergence may result. Divergence means
that the difference between the theoreticai estimated and actual system

values diverge in time.

2.2 The Finite Fading Memory Filtering (F.F.F.)

In order to suppress the divergence, a Finite Fading Memory Filter is
developed [3]. This filter is defined through the use of two parameters,
they are

'i) 8, . (a.discount factor); & establishes a discount policy that will

weigh previous observation to be "less" important than the currenmt
observations |

ii) M, (the length of a memory window); in the interval M, data is

assuﬁed to be related to current assumptions and all of the data
outside of this data window is assumed to be inconsistent with the

current statistical assumptions.
/

i
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For convenience, eq (5) and eq (6) are repeated below
S /K = ok, k-1)xCk-1/k-1) + k(K)[T() - HOO$ (R, k-1)x(k-1/k-1)]  (5)
k() = P@/k-1) B () [R () + HUOR(k/k-1) B (k)]7t (6)

As we can see in (6), the Kalman gain is proportional to the inverse of
the noise covariance, Rv(k). So, when Rv(k) is large, the estimate of
;(k/k) may be bad. Therefore, we have less confidence in the innovation
process [Y(k) - H(K)o (e, k-1)x(k-1/k-1)]. When R (k) is large, k(k) will
be small; then the correcting term k(k)[Y(k) - H(k)¢(k,k—1);(k—l/k—l)]
will contribute ﬁeakly to the one stage prediction ¢(k,k—1);(k—l/krl).
In other words, the larger the noise covariance (implying high noise cor-
ruption), the less desirable it will be to alter the previous estimation.
According to this, a discounting policy is set up as follows. For the
past data ;hat we do not think is still consistent with the system, we
will artificially increase their error covariancé. Let us assume Rv(z) is
the noise covariance at sample stage &, and Rv(zlk) is the discounted noise
covariance when system is at stage k and 1ooking backward to stage £%.
Define |

k-

- |
R, (2/k) = & Rv(z) §>1 k>4

That is the assumed covariance of the past noise covariance shall be arti-

ficially and monotonically increased 'as shown in figl)l:lAu‘

error covariance ’ error covariance

. - > ! ' ~
12,.1141 R 12.. 114 K1k .

Fig. l—fk. The'ﬁe% gpise covari~ Fig. 1-1B. “Tbe,g%£g£%al,npiae co~

ance when system is at sample k variance. -

and looking backward to sample £.

i o ! e et b Ll oy G e
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Fig. 1-1B is the original unchanged noise covariance. Now, with the same
noise free linear discrete plant x(k + 1) = #(k + 1, k) x (k)
and observation y (k) = H(k) x (k) + v(k)

The F.F.F. Algorithm will be defined as follows:

One stage estimation

ACbD) = o (bl k)n(k) + k(L) [2(ktl) - B (b0 (ktl,k)x (k)] (9)

F.F.F. gain

k(k+l) = P(k+l/k) BT(k+l) [W(k+1)+ B(k+l)P(k+l/k)BT(k+l)]-1 (10)

F.F.F. A-priori covariange

P (k+1/k) = & (k+L1,k) P(k/k)e (kHl,k) - (11)

F.F.F. A-posteriori covariance

P (k+l/k+l) = S[P(k+Ll/k) - k(k+l) B(k+l) P(k+l/k)] (12)
where ' |
H(k+1)
B(k+l) = El(k-m)d?(k—m, k+l)_] (2m x n)
1 \ .
W(eHl) = [5 R"ék*l/ W) (g_m | (mx2m)

Z(k+l) = EE‘;’_’;;] (2m x 1)

PROOF

Define for the nth sample ‘ '

| H(2-m)@ (2-m,n)
A(Z/m,n) = . ' (13)
L H(2)o(%,n)
E{V(me/n), e s ¢ 0
V(4/m,n) = g é 1 (14)
L 0+ -+ R (/)
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Y(o/m) = [Y(m), .« ., TOIT @15)

Assumed a priori noise covariance be discounted as follows:
rv(3/0) = 8 Vre(y/9)

then Rv(k/k+l) = § Rv(k/k) k>3j, &>1

80 V-l(k/m-l,k) =(Rv (k-m+1/k), O, . . . O] -1
0 - .

o' 0
0, * ¢ 0, Rv(k/k))

ey (-mbl/kH), 0, o o . O
= 0 V & >
0+ o e :.%'-R(k/k.g.i)
- 6V 1(k/m-1, k+l) | (16)
From the projeétion Lemma [7], define
PA/1) = [ATG/m ) VA /m,1) AQ/m]7Y an
and
A(k/m-1, kHl) = A(k/m-1,k) & (k,k+) (18)

Now, P(cHl/k+l) = [AL(k+1/m, k+l) V3 (k+l/m, k+l) A(kHl/m, k+1)]7T

H(lcHL-m) @ (ktLl-m, k1)) T (R (ktlom/ktl) s + « 0 ) L (H(kHL-m)® (kl-m,k+1)} |~

0 ‘ : .
- ® 0 o : ) L]
H(K)® (k,k+1) +  Rv(k/kHl),0 H(k)® (k,k+1)
L H(k+1) o (k+1l, k+1) 0° ° * Rv(ktl/k+l) H(k+1)® (k+1,k+1)

= [HY (k+1)Rv L (ktl/k+1) H(k+L) +

—

HQeHL-m) ¢ (kt1-m, ket ) | [Rv L Geti-m/itl). 0 0 0] [EGet-m)o ktl-m,ke1) | |
. o ‘. . .
. 0 . : : .
Q)0 (k, k1) | 0 RG] HOe(k,kH)
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- [T (L) Ry (et L/ b HCHL) + AT (e/me1, It 1)V (k/me1, kL) A (/a1 k#1) ]

and use (16) and (18)

- [ )Ry L (L LB + 07 (K 1)AT (e/me 1,100 L (e/me1, ) A Ge/me1, k5]
8 (k, k1)

w 18T (et 1) Ry (bl K+ HCIHL) + %¢T(k,k+1) (H(k+1-m) ¢ (kt-Lm, k)

H(k)¢(k’k) J

-

Rv—1(1f+1.m{k)’ Pe e ’H(k+1—m)?(k+1-m,k)’ \ (k’k+i) -1
0, - 0.:°°Rv-1(k/l.<) | B@SGLE)
- -H-T(m)av‘l (kL /lcHL)E(k+1) Q& ]
+ 3 T [y e L [ T g,
H(k);(k,k) 0 o e o6 0 0 0 o s .:°Rv-1(k;k)

H(k~m) ¢ (k-m, k) 1.7 T T
H(k+1l-m)? (k+l-m,k) |® (k,k+l) - 3 " (k,k+1)¢" (k-m,k)H" (k-m)

. -1,..
L HCK) 8k, k) RV (k-m/k)H(k-m) % (k-m, k) ¢ (k,k+1)

- [H* (k+1)nv"1 (L[ LY H (kL) = %@T(k—m,lwl)HT (k-m)nv‘l (k~m/ ) H (k~m) g (k-m, k+1)

0™ (e, ler1)AT Ge/m, k)Y Ge/m, kYA Ge/m, k) @ iy TH) T

- [HE (k+1)Rv‘1 (et / k1) H(kHL) — %«»T (k-m, k+1) HT(k-m)Rv-l (k-m/ k) H(k-m)

& (k-m, k1) + 20T (k,1H) P (k7K (k, k1) 7t

Now P(k+l/k) = &(k+l,k)P (k/k)®T (k+l,k)
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9.

Pl et1/k) = 07 (ktl,k) 11 L (/1) 07 (et k)

= 0T (k, k1) L (k/K) 0 (K, k1)

(87 eb1)R 2 (kL /et RQRHL) - %bT (teem, ket 1) (k-m)R, ™ (km/K)

H (k-m) & (k-m, k+1) + %P_J(k-i-l/k) 17t

,

sr "1 (k+1/k+1}' 5 H(k+1)
A ¥ H(k~-m)® (k~m, k+1)

S[ (ur (1&1);' 87 (-m, k1) HY (k-m) )

“

o =R L(k-m/k)
-1 -1 | v
+ P T (k+t1/k)]

1 ' -1
T, ool T T IRy (et /L) 0 H(kH)
STQ (b)) @ Clem, kHE (feom) )| 8222555 );-Rv = k)J ' [Htk—mj ¢(k-m.k+1)J

“

+ P e /K1

5[BT(k+l)ﬁ;l(k+l)B (k+1) + p L (1<+1/k)]'1

Now use the matrix Inversion Lemma [8]

8% 18 + 27117t = p - peT[BEBT + w1 lmP

T

define k = PBT[BPB + w]"1

= P - KBP

finally P(k+Ll/k+l) = §[P(k+1/k) - k(k+1)B(k+1)P (k+l/k)]

Secondlyy from the projectién Lemfna, the "best" estimate |
x(k+L/m) = [AT (etL/m, KAL)V L (k4L /m, HL)A Gt L /m, k1) ]
AT (kL /m, kL)Y (kb fm, HL) Y (ketL /m)
= P(kHL/KHL)AT (kb /m, K1)V T (ict1/m, k+1)Y (et1/m)
- a[P(k+1/k) - k(k+1)B(k+1)P (k+1/k)] |

o AT (k#1/m, k4 1)V L (lt1/m, k1) Y (kL /m)
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10.

If we denote the second term as D, then

D= AT (k+1/m ,1<+1)V":L (k+1/m,k+1)Y (k+1/m)

H(k+1-m)$ (k+1l-m,k+1) T Rv_:L (ktl-m/k+l)e o o ¢ o o + e 0 0 1Y (k+1-m)
. . 0 o Y (ls.—m)
H(K) 0 (k, k+L) : R M) Tk
H(k+1) 0 (k+1,k+1) IR SRR R T (#l/kt1)f Y (kH)

H(k+l)Rv-1(k+1/k+l)Yf(k+l) + AT(k/m-l,k+1)v‘1 (k/m-1,k+1)Y (k/m-1)

H(k+1)Rv_l(k+1/k+1)Y(k+1) + oT(k,k+1)AT(k/m—1,k)16'- v 1 (k/n-1,k) Y (k/m-1)

_ , T
n(k+1)Rv'1(k+1/k+1)Y(k+1) + 07 (k, k) H(k+1-m,k)?(k+1-m,k)]

H(k) (k,k)

(R lam/k) - 0 ) (Y(kil-m)
v :
8 Y (k)

\

5 . _1:
QO ¢ ¢ @ .Rv' (k/k)

H(k+1)Rv_1 (k1 /k+1)Y (k+1) - %— ¢T(k,k+1)¢T(k-m,k)nT(k-m)Rv‘1 (k-m/k)Y (k-m)

H(k-m)® (k-m,k) }{R ““(km/k)s o g ¢ ¢ - o 0 Y (k-m)
+ % Q‘I’ (k, k+1) ﬂ(k+l—m)<§>(k+l—m,k) , E Rv (k+l-m/1§). . X(k-%-l-m)
H(k)d (k,k) ‘ D o o ¢ o o v o s o :Rv—l(k/k) Ytk)

(DR ™L (/) Y (H) = 2 0% (lem, L) E (e-m)R, ™ (k-m/ ) ¥ (k-m)

+% 0T (i, kL)AL (k/m, k) VL (k/m, k)Y (k/m)

1
| L P -1 L)
- 11" aer) |0 (m, D E' (lem)) [GRV(H%,/HI) :'_Rvu_f,’,;k;] Ii%f:,%]

+ o7 (k,k+1)AT (k/m,k)V_l(k/ﬁ,k)Y(k/m)]

- %‘-[BT GetL)W L (k1) Z (ketl) + 0 (K, k+L)AT (k/m, k)V L (k/m, k)Y (k/m) )

Now

;(k+l/m) = §[P(k+l/k) - K(k+1)3(k+1)r(k+1/k)] *D

= 6[P(k+L/k) - k(cHL)B(k+1)P(k+1/k)] %{n"(»i)wfl(u1)z(k+1) + 0T (k,k+1)

AT (k/m, )V L (k/m, k)Y (k/m) ]
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11.

[¢(k+l,k)P(k/k)¢T(k+l,k) - k(k+l)B(k+1)¢(k+1,k)f(k/k)¢T(k+l,k)] .

(BT (kL)W L (k1) Z (b)) + 07 (k, k+1)AT (k/m, K)V ™ (k/m, k)Y (e /m) ]

[0 (letL k)P (e /K) 8% (et k) 0T (K, k1) AT (ie/m, )V L (le/m, k)Y (k/m) ] = [k (keHL)
B(k+1)¢(k+1,k)P(k/k)¢T(k+l,k)¢T(k,k+l)AT(k/m,k)V-l(k/m,k)Y(k/m)]
+ [0+l k)P (k/K) 9T (kL k) B (kL)W F (k+1)Z(kt1)] = [kCkHL)B(k+1)

& (k1 k)P (k/K) O (el k) BY (kL)W L (k1) 2 (k+1) ]

[ (et k)P (k/K) AT (/m, K)V T (/m, k)Y (k/m, k)] - [KB& (k+L,k)P (k/k)AT (k/m,k)

vl e/, k)Y (k/m, k)] + [P(tL/K)BW 12] - [KBP(ktl/K)BW 1Z]

[0 (bl k)% (k/m)] - KBO (k+l,k)x(k/m) + [PBT - KBPB'IW 'z
Now
[PBT - KBPBT]W-IZ = [1>13T - PBT(W + BPBT)—]'BPBT - PBT(W + BPBT)'lw +

PEY(W + BPBT)‘lwlw’lz

T - PBT(W + BPBT)-]'(BPBT‘-*-'W) + PBT(W + BPBT)']‘W]w’lz

[PBT - PBT

+ pBY(W + BRBY) TWlw lz

[PBT(W + BPBT)-]']Z

k(k +1)2(k+1)
Finally x(ctl/m) = @t k)x(k/m) + k(ktl) [2(kl) = B(k+1)8(k+L,k)x(k/m)]
Q.E.D.

It can be noted that the optimal FFF estimation is linear and computed

recursively (see eq (9)). The recursive nature of the algorithm will

allow the estimate to be computed "on-line" and therefore support ''real-

time" estimation. In addition, the implementation of the FFF filter will

require more memory than‘that”aséoéiated with a Kalman filter. The memory

will be configurated as a "first in - last out" stack. Since contemporary
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memory costs are low and decreasing, the additional memory requirement of

the FFF filter does not detract from its applicability.

2.3 'Examgle 1

To show the adaptive qualities, a very simple example is as follows.
Suppose we have a ample stationary plant
x(k+l) = & (kt+l,k)x(k)
y(&) = %) + V(K

Let ¢(k,ktl) = (1 k # 50, k # 75

6/5 k=50
7/6 k=75
then x(k) = {x(0) -k < 50

1.2x(0) 50 <k <75
1.4x(0) 75 < k < 100
Let x(0) = 30 and Rv(k) = ]
The algorithm:
1/s!

B = [-%—], W= [-5—?:§ﬁ], Z= [§%i5]

K = PBY[W + BPB']* |

f = (§)*[P - KBP]

x = x + K[Z - Bx]
The results for different §, and M are showﬁ in Fig. 1;2. Program 1A
is for sequential.estimation and Program 1B is for FFF estimation. Both
can be found in Appendix (2). As we can see from Fig. 1-2, the FFF es-
timate can follow the structural chgnges of the system, but the result
will depend on the choicés of & and M.

In this example M = 20 seems to be a reasonéblé choice, since the value

of x is defined overv30 second bidcks of time. When we ﬁse §=1, M= 30,

the result is inferior to that of a regular sequential estimation. The
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reason is P, the error covariance will decrease with the increasing of
the number of oﬁserﬁations, and M = 30 did not provide a sufficiently
‘rich sample space to specify the system.

In order to solve this problem, we can increase the length of the
data window and/or use a heavy discount on these data which we think is
no longer important,when using § = 1.1, M = 50 the result was found to
be better than § = 1, M = 30, However, it is still not a good choice.
Using 6 = 1.2, M = 50 the system estimation is superior to the others.
Therefore, we can see that the performance of a FFF filter will directly
depend on the choices of § and M. However with a reasonable choice of
§ and M, the estimation algorithm has been shown to be able to follow
structural changes in a‘linear system.'

Ih using the FFF filter,.the first M observation should be processed
through a regular sequential filter. And after the observation index

| becomes greater than M the data will be processed by FFF filter. This
is accomplished by shifting the data window and discounting the past his-
tory at the same time.

In summary, the FFF filter is easily implemented and can also process
data on line. The only disadvantage is that instead of inverting a (m x m)
matrix [eq (6)], now a (2m x 2m) matrix has to be inverted [eq (10)]

which will increase the computational time.
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3.0 APPLICATIONS

3.1.0 Application 1: Sequential estimation for heat rate curves in power
system

"3.1.1 Introduction

Numerous papers have been published on the subject of economic opera-
tion of power systems. Fuel cost studies are performed with the aid of
digital computers and require generator performance data in the form of
heat rate curve, both incremental or net.

Least square curve fitting techniques are generally used to define
an optimal polynomial fit to experimentally derived heat-rate data. Due
to the changes in operating conditions and the eging of the system, this
curve must be updated and reprocessed regularly. This is undesirable be-
cause the numerical and data collection requirements associated with each
unique least-gquare operation is enormous.

In this part, a Kalman filter is used to accomplish the polynomial
modeling task. One of the most significant features of Kalman filter is
its recursive form. This makes it possible to process the data for heat
rate curve in real time. The output coefficients will always be consis-
tent with the system. This approach requires only current data be held
in a temporary memory location whereas the conventional least-square me-
thod requires the entire data hiétory be analy;ed in-situ. Knowledge of
the noise statistics is aesumed to be known.

The objective of this work is to implement a sequential Kalman filter
which can estimate the heat rate curve in an on 1ine fashion by choos-
ing right basis functions. Finally the result of this approach will be
compared to that obtained by using currently accepted heat~-rate estima-
tion method. The possibility of adding finite fading memory is also dis-

Lt o Lo
cussed and tested through simulated data.l .
S . P A

fi TN vl oy o S TR PR
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3.1.2 Problem Statement

Often one is interested in representing a function y(x) as follows:

n
yx) = | aH (x)
L Kk
where Hk(x)'s are some specified function of x and the a, are chosen so
as to insure an optimal fit to y(x) in some sense.

We can view the curve least square data fitting problem as an esti-

mation problem, that is
n
yx) = } aH (x) +v
LA

The problem becomes "from observations y(x) and Hk(x), find the best
. n
estimate of a, which will minimize J[y(x) - 2 aka(x)]zdx"

X k=1

or in vector form
y=HA+ v

H o= [H @), By, . . . B ()]
T
A= [al, 8p5 o o o an]
1 .
y € E H, (1 xn), A, (nx 1)
Define the plant and observation
A(k+l) = A(k)

yk) = H(K)A(K) + v(k)

y(k), H(k) is the sample value at sample k, the Kalman filter aigorithm

becomes
P(k/k-1) = 0(k,k-1)P(k-1/k-1)0" (k,k-1) = P (k-1/k-1) a9
k() = P(k-1/k-1)HT (k) [Rv (k) + H(k)P (k-1/k-1)H (k)] 7T (20)
P(k/k) = P(k-1/k-1) = k(k)H(K)P(k-1/k-1) | (21)
AK/K) = A(k-1/k-1) + k() [y(k) - HEQAK/K)] @)
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A sequential Kalman filter can be built to estimate the heat rate
curve in a on-line fashion. Here y would be the measured BTU/H input.
The H's would be the set of basis function's that the user considers to
be most related to the input.

The use of the algorithm does not require any permanent storage of
y and H. In addition, no matter how many basis functions are chosen,

only a scalar inversion [see eq (20)] is required to implement the filter.

3.1.3 Example 2

Before processing field de:ived data, an experiment over simulated
data will be presented. The simulated data set consists of 64 pointé
representing input BTU/H and output KWH. The data set was contrived to
look like a theofetical heat rate curve in power system.

It is well known that the performance of an electrical generator
varies with the changes of coocling water temperature. Therefore, the
data set are assumed to be varied with the temperatﬁre by decreasing
the data value of the input BTU/H by 2 percent for each one of change
over a tempefature range from 85°F to 75°F. The data is plotted in
Fig. 1-3 and listed in Appendix (1) as D-1-1. The program can be found
in Appendix (2), program 1-2.

In this example, basis functions are chosen to be the constant;
KWH, Temp, Temp x KWH, Sin {w x KWH), cos {(u x KWH), Sin (2u x KWH),
cos (2y x KWH), where y is a frequency which can be obtained approxi-
mately by processing the dafa through a Fast Fourier Transform. In this

' /
example y is 0.06.
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