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We are concerned with solutions to the difference equation Py(t—k) = f(t,y(t)) where
Py(t-k) = Zn: a;(t)y(t —k+1). Here, k and n are fixed integers with 0 < k < n, and the
coefficients <;,=(g) are defined on I'+k where I is an interval of integers of the form [a, b] or
[a,00). Py(t - k) = 0 is said to be disconjugate on J provided no nontrivial solution has
n zeros on J. We will be interested in right and left (7, n ~ j)-disconjugacy as defined by
Peterson. We obtain a partial factorization for P if P is right (4, n — 7)-disconjugate and
results relating right and left (§,n — 5)-disconjugacy are given. An adjoint to Py(t) =0
and disconjugacy properties for the adjoint equation are discussed.

Next, the equation Ly(t) + p(t)y(t) = O is considered, where L is a disconjugate
operator. This work is motivated by results of Elias for the corresponding differential
equation. A theorem which bounds the number of certain types of zeros for solutions
on an interval is obtained. Using this, sign conditions on p(t) are determined that will
guarantee that Ly(t) + p(t)y(t) = O is right (k,n — k)-disconjugate, and a uniqueness
theorem for solutions to certain types of boundary value problems is given. Several results
give some properties of solutions to this difference equation. Furthermore, a classification
of solutions is obtained based on their behavior in a neighborhood of infinity.

Finally, we consider the nonlinear equation Py(t — k) = f(t,y(t)). A comparison
theorem for solutions of related linear inequalities is obtained. This leads to some dis-
conjugacy results. The Brouwer invariance of domain theorem is used to establish some

results on the (7,n — 7)-problem and its related variational equation. Then we show that

under suitable conditions on f and certain related linear equations that the (n — 2,2)-
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boundary value problem has a unique solution.
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INTRODUCTION

We are concerned with solutions to the difference equation Py(t — k) = f(t,y(t))
where Py(t — k) = zn:a.-(t)y(t — k + 1) and for each fixed ¢, f(t,y) is a continuous
function of y. Here,izoand n are fixed integers with 0 < k < n, and the coefficients
o;(t) are defined on I + k where I is an interval of integers of the form [a,b] or [a, 0),
@n(t) = 1 and (—1)"ap(t) > 0. Solutions to this difference equation are defined on I™
where I" = [a,b+ n] if I = [a,}], and ™ = I if ] = [a,00). In Chapters 1-3, we study
linear difference equations.

Chapter 1 includes preliminary results on the equation Py(t—k) = h(t). Two variation

of constant formulas due to Peterson are given, and characterizations of the Green’s

function for the boundary value problem

Py(t—k)=h(t), tel+k
A'yla) =0, 0<i<j-1

ANyb+5+1)=0, 0<i<n-j-1

are given. We also define an adjoint equation to Py(t) = 0 and relationships between
solutions of the equation and its adjoint are discussed. The adjoint theory proved useful
in Peterson (33].

As defined by Hartman [19], Py(t — k) = 0 is said to be disconjugate on an interval
J provided no nontrivial solution has n zeros on J. A simple example of a disconjugate
equation is given by A™y(t) = 0. Hartman has shown that Py(t — k) = 0 is disconjugate
on J if and only if P has a certain factorization. Further, necessary and sufficient
conditions for disconjugacy in terms of the coefficients ;(t) and sign conditions on the

Green's functions in the case that P is disconjugate are given by Hartman. In Chapter 2,
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we will be interested in right and left (§,n — j)-disconjugacy as defined by Peterson. We

list these definitions here.

DEFINITION. Let J be a subinterval of I™ with card J > n,andlet 1 < j<n-—-1. We
say that Py(t — k) = O is right (j, n — 7)-disconjugate on J provided there is no nontrivial

solution y(t) and integers @, € J witha < a+ 5 < B < f+n—3j— 1€ J such that

yla+i)=0, 0<i<j—-1

y(B+i)=0, 0<i<n-j-2 (fn-j22)

and y has a generalized zero at 8+ n — j — 1. Similarly, we say that Py(t — k) = 0 is left
(3,n — 7)-disconjugate on J provided there is no nontrivial solution y(t) and integers «,

BeJwitha<a+j<pB<B+n—-3-1€J such that

yla+4) =0, 0<i<j-2 (if;j>2)

y(B+1i) =0, 0<i<n-j-1

and y has a generalized zero at a + 7 — 1.

Peterson has obtained necessary conditions for (,n — 5)-disconjugacy of Py(t~k) =0
in terms of the coefficients of P. We obtain a partial factorization for P if P is right
(4,n — j)-disconjugate and we show that Py(t — k) = 0 is disconjugate iff Py(t — k) =0
is right (,n — 7)-disconjugate for 1 < j < n—1. Results relating right and left (5, n — j)-
disconjugacy are given. Right and left (j,n — j)-disconjugacy for the adjoint equation
are defined, and disconjugacy properties for the adjoint equation are discussed.

Chapter 3 was done jointly with Allan Peterson. The equation Ly(t) + p(t)y(t) =0,
t € [a,00), is considered where L is a disconjugate operator. This work is motivated
by results of Elias for the corresponding differential equation. One of the first results

is a somewhat technical theorem which bounds the number of certain types of zeros
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3
for solutions on an interv. [a,b]. Using this, sign couditions on p(t) are determined
that will guarantee that Ly(t) + p(t)y(t) = O is right (k,n — k)-disconjugate, and a
uniqueness theorem for solutions to certain types of boundary value problems is given.
Several other results give properties of solutions to this difference equation. Furthermore,
a classification of solutions is obtained based on thei; behavior in a neighborhood of
infinity.

Finally, in Chapter 4 we consider the nonlinear equation Py(t — k) = f(t,y(t)). We
assume that for each fixed ¢, f(t,y) is a continuous function of y. In Peterson [34], a
comparison theorem for solutions of Pu(t — k) > ¢1(t)u(t) and Pu(t — k) < gz(t)v(t) is
given for the case g (t) > ¢2(t) and Pv(t— k) = g2(t)v(2) is right (n — 1,1)-disconjugate.
Using this, an existence-uniqueness theorem is obtained for the (n—1,1)-boundary value

problem

Py(t - k) = f(t,y(t))
Ay(a)=A;, 0<i<n-2

y(b+n)=B

provided there is a function ¢(t) such that f(t, u)—~ f(t,v) > ¢(t){u— v] and the difference
equation Py(t — k) = ¢(t)y(t) is right (n -1, 1)-disc<;njugate.

We obtain similar results for the (n — 2,2)-problem under suitable disconjugacy as-
sumptions on the equations Pu(t — k) = ¢;(t)u(t) and Pv(t — k) = g5(t)v(t). First, com-
parison results are obtained for solutions to the inequalities. Some results for (7,n —7)-
boundary value problems and their related variational equations are established using
the Brouwer invariance of domain theorem. Then under suitable conditions on f, the

existence-uniqueness theorem is established for the (n ~ 2, 2)-problem.
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CHAPTER 1

PRELIMINARY RESULTS

In this chapter we will define the n-th order linear difference equation and its adjoint,
list some definitions used throughout the paper, and provide some results on the differ-
ence equation and its adjoint. Much of the notation is from Hartman (19] and Peterson
(for example, [31], [32]). In general, the interval notation in this paper specifies an
interval of integers, n > 2 is an integer, and in this chapter, k is a fixed integer with
0<k<n-1 If I =]q,b],let I be the interval [@,6+ 7] and let T+ 5 = la+ 7,0+ 7].
If I =[a,c0),let I =T and let I +j = [a@ + 7,00).

For the nth order linear difference equation

n
Pylt—k) =) oi(t)yt -k +i)=0, tel+k (1.1)
=0

we assume the coefficients (t) are defined on I + k, a,(t) = 1, and aq (t) satisfies
(-1)"ap(t) >0 (1.2)

for t € I + k. Solutions to the difference equation are defined on I™.

Condition (1.2) implies ag(t) 7 0 which guarantees that solutions to the initial value

problem

Py(t - k) = h(z)

y(to+i) =y, 0<i<n-1

for to € I exist on I™, and that (1.1) has exactly n linearly independent solutions on

™. We will see (as noted by Hartman [19]) that (1.2) is a necessary condition for (1.1)
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5

to be disconjugate and that (1.2) insures that the Wronskian of n linearly independent
solutions is of one sign.

Define the difference operator A by Ay(t) = y(t + 1) — y(t). Then recursively define
the operators A' by A'y(t) = A(A1y(t)) for i = 1,2, ..., where Ay(t) = y(t).
DEFINITION 1.1. (Hartman [19]) Let y(t) be a solutic;n of (1.1). Then y has a node at
to if y(to) = O or, if to > a, y(to — 1)y(to) < 0. We say y has a generalized zero at ¢, in

case either y(to) = O or there exists an integer j with 1 < J <t — a such that
(=17 y(to — 7)y(to) > 0
y(t)=0, to—J<t<tiy (lf]> 1).
Note that every node is a generalized zero. The difference equation (1.1) is called r-

disconjugate if no solution y # 0 has n nodes on I". We say that (1.1) is disconjugate

on I™ if no solution y # 0 has n generalized zeros on I™.

To see that (1.2) is a necessary condition for (1.1) to be disconjugate on I, let to € I+k

and let y(t) be the solution of (1.1) satisfying
y(to - k) =1
yllo—k+1)=0, 1<i<n-1.
Then y(to — k4 n) = —ao(to)y(to — k) = —ap(to) so that
(=1)"y(to — K)y(to — k + n) = —(~1)"ao (o).

If (~1)"ao(to) < O then y has a generalized zero at to — k + n. In this case, y has n
generalized zeros on I™ and (1.1) is not disconjugate on I".

Hartman {19, Theorem 5.1] has shown that disconjugacy and r-disconjugacy are equiv-
alent. Further, (1.1) is disconjugate on I™ if and only if there exist positive functions

p;(t),t € I"™7, for 0 < j < n such that we have the “Polya” factorization (see (35])

Pu=paA{pn-14A[-- A(pou)]}.
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For functions yy,...,y; defined on {ti,...,t;}, define

Y1 ?1; e ngl;
t. oo Y5
Wlp s nnt) = |

n(t;) .. vilt)
Ift)=t ta=t+1,..,t; =t+j—1, we write

Wy, .., 9)) = Wi (t),-. ., ui(£)) =W (ys,- ., 95)(t1,- -1 t5)

and we call this determinant the Wronskian of y1,...,y; at ¢. It is easy to show that

W(yly sy yJ)(t) = Ay:‘ (t) -.: . Ay.:(t)
i () A yy(t)
Let J be a subinterval of I with card J > n — 1. We say that the set of functions

Y1,.--,Yn—1i8 a wy(J)-system on J (see [19]) if they are defined on J and

w;i(t) =W (y1,...,4;)(t) >0

forteJ=9,1<j<n—-1.
A well known result (for example, see [19, Proposition 2.7]) is given in the next

proposition.

PROPOSITION 1.1. (Liouville’s formula) Let y1(t), s , Yn(t) be solutions of (1.1). Then

W(ys,.. o)t +1) = (-1)"ao(t + ©)W(y1,...,¥a)(t), t€l

In particular, if y1,...,y, are linearly independent solutions of (1.1) then Proposi-
tion 1.1 shows that the Wronskian of n linearly independent solutions of (1.1) is of one
sign on I since (1.2) holds. This is another reason why we assume that (1.2) holds.

We will use two variation of constants formulas given in [34]. For the sake of com-
pleteness, we include a proof of the first case of this result. In any of the sums Zﬁ, if

B < o we define the sum to be zero.
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PROPOSITION 1.2. Assume I = [a,b].

(i) For each fixed s € [a,b+ 1] let U(t,s) be the solution of (1.1) satisfying

U(s+14,8)=0, 0<i<n-2

Uls+n-1,8)=1.
The solution of the initial value problem

Py(t - k) = h(t)

y(a+4) =0, 0<i<n-1

is given by

t+k—1 t+k—n
vt)= D Ults—k+Dh(s)= Y. U(t,s — k+1)h(s).
s=a+k s=a+k

(If s > b+ k in this sum then the corresponding terms are zero.)

(ii) For each fixed s € [a+n—1,b+n~— 1] let V (t, s) be the solution of (1.1) satisfying

V(s—14,8)=0, 0<i<n-2

V(is-n+1,s)=1.
The solution of the initial value problem

Py(t — k) = h(2)

yb+n-1)=0, 0<i<n-1

is given by
b+k
h(s
y(t) = Z: Vit,s+n-k-1) (( ))
s=t-n+k+1
(If s < a+ k in this sum then the corresponding terms are zero. )

v

PROOF: (i) Set

t+k—1
E U(t,s—k+1)h(s), a<t<b+n.
s=a+k
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Then

y(t-k)= § U(t—k,8 — k+1)h(s)

=a+k
t—-1
yit-k+1)= Z U(t—k+1,s—k+1)h(s)+_U(t—k+1,t—k+l)h(t)
s=a+k h - g
=0
t-—-1
yt—k+n)= > U(t—k+n,8—k+1)h(s) + Ut — k+n,t — k+ 1)A(2)
s==a+k
+y(t—k+n,t-k+21h(t+1)

=0
+e+Ut-k+nt—k+n—1)h(t—n+1)

—

=0

t—1
= Z U(t—k+n,s —k+ 1)h(s) + h(2).
s=a+k
Multiply y(t - k +1) by ;(t), 0 < i < n, to get
t-1
Py(t—k)= Y PU(t-k,s~k+1)h(s) +h(2).

s=a+k

U(t,s) is a solution of Py(t — k) = 0 so the above is
Py(t - k) = h(t)
and letting ¢ = a + k in the equations at the beginning of the proof shows

yla+¢)=0, 0<i<n-1.

We will also be interested in solving certain boundary value problems of the form
Py(t—k)=h(t), a+k<t<b+k
y(a+1) =0, 0<i1<j5-1 (1.3)

y(b+n-i)=0, 0<i<n—-j5-1
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