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Chapter I

Introduction

This dissertation is concerned with two general
problems:

(I) Given a class K = {Ga} of groups with
xeh

some common property, does there exist a

class K = {SB} of semigroups such that
BeB

for each Ga in K there is an SB in Kv whose

automorphism group is isomorphic to Ga?

(II) Given a class L = {Sa} of semigroups with
agh

some common property., what can be said about

9
the class L = {G_} where for each o in A,
% xght

Ga is the automorphism group of Sa?

It is well known that not every group can be real-

ized as the automorphism groun o

-
in
(]
]
(1]
o)}
4
Q
k3

the

<D
I
|...l

the infinite cyclic
rational numbers under addition are not the autemorphism
group of any group. (The proof of this assertion will
appear at the end of the introduction.) On the other
hand, de Groot [5](1) has shown that every group is the

Vg B
‘*/The square brackets refer to entries in the bibliography.
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automorphism group of a commutative ring with unit. His
methods are topological, in that he represents a given
group as the group of homeomorphisms of a suitable topo-
logical space onto itself. The algebraic corollary arises
from using the ring of continuous functions defined on the
space. He also shows that every group is the automorphism
group of some graph. Birkhoff [1] has shown that every
group is the automorphism group of some distributive
lattice., However de Groot's results show that not afT?
groups are included among the automorphism groups of
Boolean algebras, i.e. complemented distributive lattices.
Some special cases of Problem I are considered in
Chapters II and III. If K is the class of all groups of
order less than or equal to z, the cardinality of the real
numbers, then a corresponding class K0 is constructed in
Theorem 2.4, The order of each S, in K is iess than or
equal to 2, 1In Theorém 2.6 K consists of all finite
groups, and a class KE consisting of finite semigroups is
constructed. In Chapter III the effect of restricting K
to certain classes of abelian groﬁps is studied. It is
shown in Corollary 3.3 and Corollary 3.7 that every finite
abelian group can be realized as the automorphism group of
a finite commutative semigroup and every finitely generated
abelian group can be realized as the automorphism group of

a countable commutative semigroup. The remainder of
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Chapter III; culminating in Theorem 3.10, is concerned
with the representation of decomposable groups as auto-
morphism groups of semigroups, assuming the direct factors
can themselves be realized as automorphism groups of semi-
groups. The result is effected for finite direct products.

The construction is such that if the factors can be real-

then the direct product of the factors is the automor-
phism group of a commutative semigroup.

Two cases of Problem II are studied in Chapters IV
and V. In Chapter IV the case in which L is the class of
semigroups which are the multiplicative semigroup Jm of
the integers modulo m is considered. It is shown that it
is sufficient to consider the case m = pn where p is a prime
and n is a positive integer. If p is odd a description of
the automorphism group of I (m = p?) is given. In
Chapter V, L is the class of completely O-simple semigroups
having sandwich matrix all of whose non-zero entries equal
the identity of the structure group. A description of LQ
is given. This is then used to determine the automorphism
groups of Brandt semigroups. rectangular bands, and right
groups.

The following notation will be used throughout the
dissertation:

All semigroups will be written multiplicatively
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unless otherwise stated. The automorphism group of a semi-

group S will be denoted by Aut(S). The symbol I (or IW’

where W is the domain of I) will be used for the identity
mapping. All mappings will be single valued. The cardinal

number of the set A will be denoted by |A]l. J and J* will

denote the integers and the positive integers, respectively.
If a is a mapping whose domain includes A then oA will
mean the restriction of o to A. If a is an element of the
group G then <a> will denote the c¢yclic subgroup of G
generated by a, If A and B are sets then

ANB = {xecA]xgB)., If {Si} is & collection of semi-
ieM

.groups then 71' Si denotes the direct product of the Si°

isM
If sl,s2,°°o,sr are elements of a semigroup S then
| s; denotes the product S1S50008, in 8. If C13Cpye0asCyy
is a finite collection of cardinal numbers then

E
(%]

il 4 denotes the produclt of the cardinal numbers. The

)

symbol || will be used at the end of a proof.
Now it will be shown that:
i) Finite cyclic groups of odd order (greater than
1) and the infinite cyclic group are not auto-

morphism groups of any group.

I_)
=
g

The additive group of rationals is not the auto-

morphism group of any group.
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Proof of i) (The proof follows Kurosh [4#].) ZIet G
be a group such that Aut(G) £ ¢ where C is a non-trivial
cyclic group. Then the inner automorphism group of G is
cyclic so G/Z is cyclic. ILet x e G be in a coset xZ that
generates G/Z. Then the subgroup of G generated by x and
2 is all of G. But this subgroup is commutative so G = Z.
Now since G is abelian and |G| > 2, G has an automorphism
of order 2. Hence Aut(G) cannot be of finite odd order
and it cannot be the infinite cyclic group. ||

Proof of ii) Let <R;*+> denote the group of rational
nunbers under addition° Suppose G 1s a multiplicative
group such that Aut(G) 2 <R:+>». Then since G/Z is iso-
morphic to the inner automorphism group of G, it is iso-
morphic to a subgroup of <R;+>». But it is well known [7,
P. 52, exercise 5.2.20] that this is possible only for the
trivial subgroup of <R:+>. Hence G is abelian. But then,
as in 1), G has an automorphism of order 2. However
<R;+> contains no element of order 2 so there is no group

G such that Aut(G) & <R:+>. |l
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Chapter II

What Groups Occur as Automorphism

Groups of Semigroups?

Definition. Let G be a group and T a subset of G.

Then the normalizer of T in G, denoted by NG(T) is de~-
finad hr
AT My

1

NG(T) = {xeG | x Tx="T}.

When no ambiguity arises from abbreviation, NG(T) will be

The centralizer of T in G. denoted by CG(T) is de~
fined by

1

CG(T) = {xeG | x Ttz =1t for every teT}.

Again, C(T) will be used as an abbreviation of CG(T) when
no ambigﬁity arises from this.

The centralizer of G in G, CG(G) is called the center

of G and will be denoted by Z.
Definition. A group G is said Yo be gomplete if the
- A A mmr m e la 2 e O 2~
center of G is trivial and every automorphism of G is

Let U be a semigroup and t be an integer greater than

1. Let B be an index set and let

R = {rél)}Ll{rég)}kJuooL){rét"l)} (where B ranges over B)

be a collection of (t-1).|B! distinct symbols such that
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RAU = @. Let © be a mapping of B into U and let S = RUU.
Define a binary operation (o) on S by

'/\
uev = u.v for every u,v £ U

réi)ou = (B@)iou for every ueU, BeB, 1 =1,25000,5-1

uo(B@)i for every ueU, BeBy, 1=1,2,000.,5-1

N —
for
Q
K
o\./ R os PN
I}
N/

= (B6)*.(80)Y for every B,5 & B, B £ 6
1<i§g<t

5 réij) if i < t 1= 1,2, 000,81
(i)) - ‘

it

(rg .
L [(B@)la if 1§ >t j 3= 1,25000
where positive powers of an arbitrary s € S are defined
. 2 n+l n
recursively by 8 = ses, s = 808y N = 2930000 o

By calculation of the products involved it is easily
seen that <Sje» is a semigroup. In the sequel the opera-

tion (o) will be replaced by juxtaposition of symbols.

of the element BO of U of degree t.

Lemma 2.1. Let SM denote the group of all permuta-

tions of a fixed set of cardinality M. M £ 1,2,6., Let G

be a subgroup of SM and A an element of S, such that

M
1) 05 NG = (1)
!

ii) there exists an element Oy, of SM for which

2 .
0‘?‘. = A;
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iii) G = NSM(T), where T = { A% | ¥ £G).

Then there exists a semigroup S containing SM as a sub-
semigroup such that Aut(S) is isomorphic to G.
Proof: Let p,u € G be such that pulxp = u_lkuo

Then up_lh = hup_l S0 pu_l e C(\), the centralizer of A

1

in 8y. But pu-l € Gso by i), pp - = I and p = n. Hence

to each w g T there corresponds a unique & € G such that

1

® = 5 IN6. TFor each w = § *Ap & T define o, = 670y 8.

2 -1 2 -1
Then o, € SM and O, = o) cxa = § TAD = W

Let R = {pw | we T} be a collection of |T| distinct
symbols such that R(\SM = @, Denote RLJSM by S and extend
the definition of muitiplication from SM to S by regarding
each P, @S @ replica of O of degree 2, i.e., the mapping
@ in the definition of replica is ©: w -> %% for every
w g T. Thus Pu multiplies as if it were O Then S under
this (multiplicative) operation is a semigroup.

Let a € Aut(S). Then « ISM £ Aut(SM) since Sy is the

unique maximal subgroup of S. Since M # 1,2,.6, S, is
complete E79 ol 452ﬂo Therefore there is an x in Sy such
that a]SM is the inner automorphism determined by x, i.e.

1

alSMg a -» x ~ax for every a g Sy e

Since a permutes SM it also permutes R. Hence it
permutes {pilwe:T} = T, Thus for every w ¢ T,

X tox = w(a!SM) =wt € Ty i.€. x & N(T), the normalizer of
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i A

T in SMo

Let Py € Ry p & = Pro Then wa = oia = pia = (pwa)

=p_ =0_ =7, But w e SM SO T = wa = x—lwxn

Thus every o e Aut(S) is of the following form for

some X € G:

4

Yy ->» X Tyx for everyWy S

(2.1) o = o '
1‘pw > P 4 for every p_ € R
X Twx

Conversely let x € N(T) = G and define o, by (2.1),
Clearly O is a mapping of S onto S. It will be shown
that . € Aut(S). TFirst the homomorphism property will
be checked.

Let x € G and w € T. Then there is a unique ele-
ment & € G such that w = 6 *A6. Now using the definition

of %% and the fact that Oy € SMs

-1 -1.-1 ~1
Oz = X 0,X = X "6 70,8x = (&%) ox(bx)
=9 -1l 291 1 =0 5 80
(0X) TA(0X) X (0 "TAD)x X Twx
7o~ D\ =
(2.2) 0% o 4 for every x € G, w ¢ T,

Now let a,b & S.
Case i) a,b ¢ SMo Since aXISM is an inner automor-
phism, (ab)ocX = (aocx)(bocx)o

Case ii) a g Sys b =p, € R. Then using case i) and

(2.2); (ab)a_ = (ap
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10

(sa_)(o o ) = (aocx)(cx_lmx)

(p

rd rd - = (
gaax)gp -1 ) (aq,

o)
X Cwx

)
XM w

(aocX)(bocx)° Similarly (ba)ocX

= (bax)(aax)o
Case iii) a = Py € R, b = Pr € R. Then using case
i) and (2.2), (ab)ocX = (pwpn)ocx = (owon)ax
= (ga)(oa ) =0 . o _ =P 4 P _
wxThmoX x tox x lnx x Lox x 1nx
= (pwaxjgpnax) = (aocx)(bocx)o Hence a, is a

homomorphism of S.

Since aX!SM is an inner automorphism, it is 1-1 on Sy o

it

Suppose there are Pw?Py € R such that P % P % Then

Py =r S0 X WX = X WX, Hence w = w and p_ = p
- - W
X Twx x"Lnx T

so o, is 1-1 on all of 8. Hence Gl is an automorphism of

S,
Now define the mapping © by
(2.3) Q: X -> . for every x g G
where o is defirned by (2.1). It has been shown %hat

X Y /

ay, € Aut(S) and that every automorphism of S is of the
form (2.1) so © is a mapping of G onto Aut(S).

Suppose x,¥y € G and x0 = yo, i.e. o, = aya Then for

il

every a g Sy, ax, = a0 x “ax = y tay and hence

X

__L -
Xy “a = axy 1. Thus for every & & Sy, Xy ~ € c(a) so
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