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ABSTRACT

          This thesis investigates the validity of meshless methods and finite element

methods in the investigation of strain localization phenomena in which  is an important factor

in many nonlinear solid mechanics problems. The term strain localization refers to the

appearance of patterns of deformation that are restricted to narrow regions in the solid

domain. Most often the deformation observed is that of shear, such a form of localization is

referred to as a shear band.  The thickness of typical shear bands for metals are

approximately 10-30 m which is typically orders of magnitude less than the dimensions of

the specimen. Even with significant mesh refinement, it becomes difficult to observe this

extremely small length scale with traditional numerical method.

        Several benchmark problems are solved using traditional finite element methods

and reproducing kernel particle method (RKPM) which is a particle meshless methods..

These problems include tensile instability of a bar, pressure instability in a cylindrical shell,

and the Kalthoff Problem. In addition a variety of material laws were employed for each

method and problem; some of which include J2 plasticity and thermo-viscoplasticity.

Initially finite element analysis of a tensile bar is performed using strain softening material

law to study localization phenomenon.  Strain-softening is a decline of uniaxial stress at

increasing strain or generally, where the tangent moduli ceases to be positive definite.  Strain

softening without a length scale results in the structure failing with a zero energy dissipation

and the width of the shear band tends to become zero.  In order to consider energy dissipation

in the form of heat and also to incorporate a length scale in the problem, we study the same

problem using a rate dependent material model namely thermo-viscoplastic constitutive law.
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Meshless methods are a new class of computational modeling tools that have been proved to

have better potential to study large deformation problems such as localization, extreme

deformation, damage etc. Using meshless methods, the formation of multiple shear bands

was observed at high strain rates.  The behavior and propagation of dynamic shear bands

were studied using meshless methods which were not feasible using conventional finite

element method. Several examples are presented to show the efficacy of meshless methods to

study strain localization problems.  The organization of this Thesis is as follows:   Chapter 1

gives an overview to the phenomena of strain localization as well as the general problem

statement: Chapter 2 gives an overview of finite element methods and RKPM (the two

methods studied): Chapter 3 illustrates the relative merits of various numerical solutions of

strain localization phenomena by examples and Chapter 4 outlines a novel approach to

modeling strain localization phenomena using enriched finite elements (X-FEM).
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           Chapter 1

REVIEW OF LOCALIZATION PHENOMENON

1.1 Introduction

         Localization is the phenomena where a large degree of deformation occurs in

highly concentrated regions.  Most often the deformation observed is that of shear, such a

form of localization is referred to as a shear band. These deformation patterns are associated

with high displacement gradients.  The discontinuous deformations that arise due to fracture

are not considered here.   The study of shear bands are important in a wide range of

applications including high speed machining, high rate forming, explosive welding, armor

penetration and vehicle crash-worthiness. At high strain rates,  thermal softening occurs due

to transfer of plastic work to local heating of the material. At high strain rates the heat

transfer is negligible due to the disparate time scales of straining and thermal conductivity.

         Strain localization is a common phenomenon in granular as well as ductile

materials, and has been thoroughly analyzed both from experimental (Vardoulakis and Graf,

B., 1985; Han and Drescher, 1993; Tatsuoka et al., 1990; Finno et al., 1997) and theoretical

points of view (Schaeer, 1990; Schaeer and Shearer, 1997; Vardoulakis, Graf, 1985). From

the experimental point of view, nucleation and growth of shear bands have been investigated

under various testing conditions—for instance, a specific biaxial apparatus has been

developed by Drescher et al., 1990.  Also stereophotogrammetry  has been used by Desrues

et al., (Desrues et al., 1985) and Finno et al., (Finno et al., 1997). Other methods include X-

ray radiography (Roscoe et al., 1963; Roscoe, 1970) and X-ray tomography (Desrues et al.,
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1996).  As a result many qualitative aspects of the physics of shear bands are well-

documented (Gajo et al., 2004 ).

Figures 1.1 and 1.2 show experimental results from compression tests on sand carried

out in Grenoble. Jacques Desrues and Gioacchino Viggiani (Desrues et al., 2004). In this

experiment the researchers used a pressure cell and loading device to apply a uniform

displacement at one end while keeping the other end of body fixed. They used a technique

called stereophotogrammetry in which a series of photographs are viewed in stereo. The

displaced regions appear elevated depending upon the magnitude of displacement so in

Figures 1.1 and 1.2 the regions with  enlarged pixels denote regions of high deformation.

Using this data they were able to calculate the experimental strains.           .

Figure 1.1 Applied load and boundary condition for compression test on sand specimens

                 (Desrues and Viggiani, 2004).
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                Figure 1.2  Sequence of stereophotogrammetry images of shear strain intensity

                                      (top row) and volumetric strain intensity (bottom row) showing

                                      localization phenomena.  (Desrues and Viggiani, 2004).

         Strain localization in solid mechanics involves a narrow region (“the

localization band”) with a high displacement gradient ∇ u across the width of the band. This

condition is produced by a variety of constitutive models, such as elastoplastic or damage

models, as long as  exhibit local material softening. As will be discussed in Section 1.4

material softening  results in  material instability which localizes all the strain energy to a

small region. This phenomena poses  considerable difficulties in numerical solutions due to

severe mesh dependency.  Some of the approaches to capture the shear band are to use

standard continuous elements, adaptive finite elements and enhancing the displacement field

with enrichment functions so that the true slip line can be captured.

          Li et al. (Li et al., 2001) used a meshfree Galerkin simulation of dynamic shear

band propagation in an impact-loaded pre-notched plate (Kalthoff’s problem with single
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notch) in both two and three dimensions. The ductile-to-brittle failure mode transition was

observed in their numerical simulations. Also they were able to capture dynamic shear bands

and study the microstructure of shear bands. Belytschko and Tabbara (Belytschko and

Tabbara, 1996) used the element free Galerkin (EFG) method to simulate the Kalthoff’s

double notch experiment.

1.2 Problem Statement

Figure 1.3: Computational domain of a body  with a line of strong discontuinity in the
                       displacement field of c.  The traction and displacement boundaries are
                       denoted by t and u, respectively.

          Consider a multiply connected domain , bounded by    as shown in Figure

1.3.  The boundary is partitioned into three sets u, t and c . Displacements are prescribed

on u and the tractions are prescribed on t. c is a line of strong discontinuity idealizing

the highly localized weak discontinuity in the displacement field of a localization

phenomena. The governing equations are conservation of linear momentum, conservation of

mass and conservation of energy on .
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The conservation of linear momentum in updated lagrangian form is as follows:

Ω+= inbijij ,σρu&&

where  is the density in current configurations, is the Cauchy stress tensor, u is the

displacement field, and b is the associated body force.  In the above and in all subsequent

equations a repeated index implies a summation and all the indices with respect to the current

configuration. All fields are expressed in terms of reference on material coordinates.

The conservation of mass is

oJ
ρρ

1
=

where J is the Jacobian of the deformation from the reference to the current configuration

and 0 is the density in the reference configuration. The conservation of energy is expressed

as follows:

ρσρ +−= ijijij qDw int& s

where intw&  is the internal energy per unit mass, Dij is the deformation rate defined as

( )ijjiij uuD ,,2
1

&& +=

qi is the heat flux and s  is the heat source. In addition to the above governing equations the

following constitutive equations are required

klijklij DC
∇

∇ =
σ

σ

(1.2)

(1.3)

(1.4)

(1.5)
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where ∇
ijσ indicates an objective rate of the Cauchy stress such as the Jaumann, Truesdell or

Green-Naghdi rates, and
∇σ

ijklC  is the associated material stiffness tensor relating the objective

rate to the rate of deformation tensor D. For completeness we give the Jaumann objective

rate.

jkikkjijij
J

ij
WW

Dt
D

σσσσ σ −−=

where ijW  is the spin tensor defined as;

( )ijjiij uuW ,,2
1

&& −=

The traction boundary conditions are given by

where jn  is the outward normal to  as shown in Figure 1.3 and it  is the prescribed

traction. The displacement boundary conditions are given by

uoniuiu Γ=

where u is the prescribed displacement.

        Since the equations of motion are second order in time, initial conditions on the

displacements and velocities are needed.

Ω∈∀== xxx )()0,( o
ii utu

Ω∈∀== xxx )()0,( o
ii vtu&

(1.6)

(1.7)

(1.8)ijij tn =σ

(1.9)

(1.10)

(1.11)
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1.3 Localization Mechanisms

        The problem of strain localization has been studied by many researchers. Bazant

and Belytschko, (Bazant and Belytschko., 1985) gave analytical solutions to a 1D

localization problem involving tensile wave propagation in a bar of bilinear elastic material;

while not very realistic physically it gives excellent insight into the phenomenon of

localization and the associated mesh sensitivity. They considered a finite homogenous bar 

= (L,-L)  with constant cross section A and density , initially at rest as shown in Figure 1.4.

A constant traction is applied at both ends Lx ±= , as shown for a bilinear elastic curve in

Figure 1.5. This simplified model exhibits localization due to the fact that the tangent

modulus of the second portion of the curve is negative. The stress and strain at which the

tangent modulus becomes negative is given by Se and p,  respectively. The traction at the

ends is chosen such that  0.5 Se < So < Se.

      Initially an elastic stress wave propagates from both end.  The two elastic waves

interfere constructively at the midpoint causing the stress amplitude to double and exceed se.

    so

     L

Figure 1.4  Illustration of the 1-D problem solved
   in Bazant and Belytschko., 1985.

       so

    A, ,E x
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              Figure 1.5 Stress strain curve used by Bazant and Belytschko (Bazant and
Belytschko., 1985).

In 1D the conservation of momentum equation (1.1) reduces to the linear wave equation as

follows:

2

2
2

2

2

x
uc

t
u

∂
∂

=
∂
∂

where c is the wave speed given by

ρ
Ec =

When the stress in the bar is less than Se the tangent modulus is positive and the wave speed

is real. This case results in (1.10) being hyperbolic in nature.  When the stress in the bar

exceeds Se the tangent modulus is negative and the wave speed becomes imaginary and

(1.10) is elliptic in nature.    The fact that waves cannot propagate at a finite speed in an

s

    E1            E2

fp εε

Se

(1.12)

(1.13)
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elliptic system causes all the strain energy to be trapped which further softens the material  in

a feedback type instability.   It should be noted that the tangent modulus losing positive

definiteness coincides with the onset of strain softening. According to Belytschko et al.,

(Belytschko et al., 1986)  mesh refinement causes the solution to rapidly converge to a Dirac

function where the localization occurs on a width of zero thickness; this is often referred to as

a set of measure zero.

         When such  problem is studied using finite elements the localization is

narrowed to the width of one element.  So, as the mesh is refined the width of the numerical

localization is reduced by an equal amount.  No matter how small the mesh becomes the

width of the localization will not converge.  This phenomena is referred to as mesh

sensitivity, and is the baine of many numerical schemes.

        The final energy dissipated in the process vanishes, indicating the non-physical

nature of the solution. Ba ant and Belytschko observed that this fact is due to plastic

(softening)  zone is of length zero. In the later approaches they came up with regularization

approaches that involve introduction of length scale in the material model, which they

referred to as localization limiters. In a similar paper Ba ant and Belytschko (Bazant and

Belytschko., 1985) studied strain softening in a hollow sphere caused by a uniform normal

traction at the exterior.

          Needleman (Needleman, 1988) studied the role of material rate dependence and

mesh sensitivity in localization problems. Needleman shows that material rate dependence

implicitly introduces a length scale into the governing equations, even though the constitutive

description does not contain an explicit length scale.  For rate independent materials, strain

localization is associated with loss of hyperbolicity  of equilibrium of the momentum
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